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Abstract
This thesis deals with the micro-mechanics of dense granular flows and how they affect
the overall flow and mixing behaviours of grains. Discrete Element Simulations of dense
granular flows are performed at various flow geometries, giving us insights into the internal
kinematics and dynamics of flow. This allows us to connect the micro-mechanics to the
effective transport properties like self-diffusivity, viscosity and non-local rheology. The thesis
is comprised of three published papers.
The first paper shows how the development of granular vortices gives rise to enhanced
mixing of grains in dense granular flows in plane shear flow geometries involving large widths.
Rate dependent nature of the average vortex size is observed, and a general scaling law in
terms of the size of granular vortices is introduced which can predict the enhanced mixing
behaviour.
The second paper connects the existence of granular vortices to the non-local behaviours of
dense granular flows. The granular vortices are found to originate from a process of multiple
orthogonal shear banding. A general non-local relation is then derived by considering the
spatial redistribution of vorticity induced by these granular vortices. This relation is validated
on two steady granular flow geometries involving nonlocal flow behaviours. The purely
kinematic nature of this derivation suggests that non-local behaviour should be expected in
flows of other materials as well that involve correlated motion of particles, like foams, pastes
and gels.
The final paper studies the self-diffusion behaviours in nonlocal flow geometries. The
nature of grain trajectories in dense granular flow is found to depend on the stress condition.
In creeping layers that have stresses below the yield stress, we observe caged dynamics of the
grains and breakdown of the scaling of diffusivity with the velocity fluctuations. A scaling
law is introduced that allows us to predict the rate of flow and self-diffusivity with the sole
knowledge of stress condition and position.
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CHAPTER 1
Introduction
Granular material is a collection of a large number of discrete particles like sand, sugar, glass
beads and pharmaceutical pills in which the particle shape and size may vary. After water,
it is the most handled material in industry. Geophysical processes like landslides and snow
avalanches also involve the flow of billions of grains, be they soil particles or snowflakes.
The collective behaviour of granular materials can be diverse: ranging from solid like, as in a
static pile of sand; or liquid like, as in flow down an included plane; to gas like, when strongly
agitated (Jaeger and Nagel 1992; Gennes 1999; Jop, Forterre and Pouliquen 2006). The
solid and gas like behaviour can be modelled using constitutive laws based on soil mechanics
(Schofield and Wroth 1968) and kinetic theories (Lun et al. 1984; Campbell 1990; Brilliantov
and Pöschel 2010), respectively. The liquid like behaviour of granular matter is still not fully
understood.
Granular materials can undergo dynamic phase transition between static and flowing state
called the yielding transition. The fact that the amorphous structural organisation of particles
in the solid state is virtually indistinguishable from that in the liquid state makes it difficult to
predict the initiation or stoppage of granular flows.
When sheared or agitated, granular materials tend to get mixed. This tendency, known as
self-diffusion, is an important property of granular liquids, that can influence heat transfer and
granular flow behaviours. In dilute granular flows, the self diffusion is modelled as a random
walk resulting from the random velocity fluctuations due to grain collisions. However, the
dense regime is known to exhibit super-diffusive behaviours and the micro-mechanical origin
of the self-diffusion is not well understood.
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Granular materials also exhibit nonlocal flow behaviours which results in the viscosity or the
ability to flow at one location to be strongly affected by the nature of flow in the surrounding.
This makes it difficult to predict the flow in complex geometries. Many nonlocal constitutive
models have been proposed in order to capture the nonlocal flow behaviour. Despite of
the differences in their formulations, all of these models involve internal length scales that
represent the extent of nonlocal behaviour. The micro-mechanical origin of this length scale
is still not fully understood.
A characteristic feature of granular materials is that they can jam together. This can lead
to the formation of granular vortices in slow granular flows in dense configuration. It has
been postulated that these granular vortex could govern the transport properties of granular
flows. How does the existence of granular vortices affect the macroscopic flow properties like
self-diffusion and nonlocal flow behaviours?
In order to understand these complex flow behaviours, simulations of dense granular flows are
conducted, enabling us to measure their flowing properties and to establish their microstructure
at the scale of the grain and of their organisation. Specifically, this work focuses on two
properties of granular flow: self-diffusion and nonlocal rheology. This thesis is comprised of
the following chapters.
• Chapter 2 provides a review of our current understanding of the fluid like behaviour of
granular materials. It includes self-diffusion, nonlocal rheology, correlated structures
and comparison to other glassy materials similar to granular materials.
• Chapter 3 shows how the existence of granular vortices affects the self-diffusion
properties in plane shear flow configuration.
• Chapter 4 connects granular vortices to the nonlocal flow behaviour.
• Chapter 5 looks at the self-diffusion behaviour in nonlocal flow configurations.
• Chapter 6 provides the concluding remarks and future outlooks as a result of this
work.
CHAPTER 2
Literature Review
This chapter provides a review of our current understanding of the fluid-like behaviours
of granular materials. It starts with the two characteristic features of granular fluids, i.e.
self-diffusion and rheology. The similarities and differences between the traditional fluids
and granular fluids are highlighted. Next, I discuss on granulance, a characteristic feature of
granular fluids. Unlike traditional fluids that develop turbulence and vortex structures when
shear-rate is high, granular fluids develop correlated structures when shear-rate is small, a
behaviour that has been termed granulance (Radjai and Roux 2002). Finally, I discuss on the
various fluctuations observed in granular as well as other glassy materials, and how granular
dynamics can be comparable to various glassy materials.
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2.1 Diffusion
Diffusion is an important mechanism which results in some state variable to mix within
a system. The state variable could be mass, momentum, energy or concentration. The
fundamental law governing the diffusion of some state variable θ is the Fick’s first law (Fick
1855), which is expressed as follows.
Jθ = −Dθ∇θ (2.1)
Here, Jθ is the diffusive flux, Dθ is the coefficient of diffusivity and ∇θ is the gradient of
θ. The negative sign in the right hand side indicates that the state variable diffuses from
higher towards lower values of θ. By incorporating Fick’s first law (2.1) into a conservation
equation (2.2) for the state variable, we get Fick’s second law (2.3), also known as the diffusion
equation, which is a partial differential equation that governs the spatial and temporal variation
of the state variable.
∂θ
∂t
+∇Jθ = 0 (2.2)
∂θ
∂t
= Dθ∇2θ (2.3)
This law applies to all fluids including granular fluids along a given direction. If the diffusivity
is anisotropic, a tensorial form of the equation is required. In this thesis we are concerned
with the diffusion of grains. During granular flows, the grains interact with neighbouring
layers, which results in mixing of grains in the transverse direction. The extent of this mixing
can tell us important information regarding the micro mechanics of the granular flows like
nature of grain trajectory and flow behaviours. In this section I discuss the diffusion of mass
in the context of granular flows which is also referred to as self-diffusion.
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2.1.1 Normal diffusion and random walk
Diffusion of mass or self-diffusion is a characteristic feature of fluids that results in mixing
of the fluid particles due to random fluctuations. This feature is virtually absent in solids1,
because, although atoms in solids do fluctuate due to temperature, they are trapped by
their neighbours which prevents them from diffusing within a solid. Self-diffusion is, thus,
one of the distinctive features of fluids. In granular materials, apart from mixing of grain,
self-diffusion also influences heat transfer and rheology. Increased self-diffusion can result
in increased convective heat fluxes in sheared granular layers (Rognon and Einav 2010;
Griffani et al. 2013). It can affect the dynamics of granular flows down inclined plane by
counterbalancing size segregation of polydispersed granular materials (Rognon et al. 2007;
Marks, Rognon and Einav 2012; Tunuguntla, Bokhove and Thornton 2014; Schlick et al.
2016).
The diffusion of fluid particles along a given direction is generally interpreted in terms of a
1D random walk model (Fick 1855; Einstein 1906; Balucani et al. 1985). Let us consider a
particle of mass m performing a random walk along the x axis with step size ∆x at a time
interval of ∆t. At each step, the particle will move towards either positive or negative x
direction with equal probabilities. If we consider an ensemble of 1D random walks starting
from x = 0 at t = 0, then at t = ∆t, half of the particle will move to x = ∆x and the other
half to x = −∆x. Thus, the diffusive flux of mass per unit length along the positive direction
J+ρ at t = 0 and x = 0 can be defined as follows.
J+ρ =
1
2
m
∆t
(2.4)
At t = 0, the particle is at x = 0, so the gradient of mass per unit length is given by
∇ρ = ρ(x = ∆x)− ρ(x = 0)
∆x
=
−m
∆x2
(2.5)
1Very small amount of self-diffusion can be present in solids, but it is significantly small compared to that
in liquids.
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where, ρ ≡ m/∆x is the mass per unit length. Combining eqs. (2.4) and (2.5), we get
J+ρ = −
1
2
∆x2
∆t
∇ρ (2.6)
By comparing eq. (2.6) with Fick’s first law (2.1), the mass diffusion coefficient Dρ can be
defined as
Dρ ≡ ∆x
2
2∆t
(2.7)
The mean squared displacement of N particles in a fluid as a function of time defined as
〈∆x2〉(t) = 1
N
N∑
i=1
(xi(0)− xi(t))2
is a useful tool to assess the diffusion coefficients of particles in experiments or simulations.
If the particles are performing a 1D random walk, then eq. (2.7) suggests that, for t > ∆t, the
mean squared displacement should increase linearly with time.
〈∆x2〉(t) = 2Dρt (2.8)
Thus, the slope of the mean square displacement vs time curves in the log-log scaled plot will
be 1. This behaviour is known as normal-diffusive behaviour.
The self-diffusion of grains in the transverse direction of the shear flows generally show
normal-diffusive behaviour. As shown in fig. 2.1, for very short time periods, grains will be
performing ballistic motion leading to quadratic mean squared displacements. But for longer
time periods they become linear indicating some form of random walk behaviour. As the
grains interact with the neighbouring layers of grains, the fluctuations of the interaction can
result in some random transverse motion of the grains.
2.1 DIFFUSION 13
(A) (B)
FIGURE 2.1. Mean squared displacements and self-diffusion in dense gran-
ular flows. (A) Mean squared displacements. (B) self-diffusion coefficients
Dxx as a function of solid fraction φ. Here R is the radius of grain. (Campbell
1997)
The diffusion coefficient can be extracted from the mean squared displacement curves by
fitting it using eq. (2.8). As shown in fig. 2.1 (B), for granular flows, the diffusion coefficient
depends on the shear rate, size of grains and the solid fraction. This can be modelled as
follows (Campbell 1997; Hsiau and Hunt 1993).
D ∝ d2γ˙F(φ) (2.9)
Here, φ is the solid fraction defined as the ratio of the volume of solid to the total volume,
and F is some function. Comparing eq. (2.9) with the random walk model for self diffusion,
eq. (2.7), we can infer length and time scales involved in the diffusion process. One possibility
is a random step proportional to the grain size times a function of solid fraction, and a time
step proportional to the shear time 1/γ˙. If the solid fraction is low, then the grains can
move longer distances before colliding with another grains, increasing the average size of a
random step, ultimately increasing the diffusivity. In dense granular flows, the solid fraction
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is generally constant, so the diffusivity is modelled simply as D ∝ d2γ˙ (Utter and Behringer
2004; Wandersman, Dijksman and Van Hecke 2012).
(A)
(B)
FIGURE 2.2. Anomalous diffusion in granular and colloidal systems. (A)
Mean squared displacements of grains in an air-driven granular system near
jamming transition (Keys et al. 2007), and (B) Mean squared displacements of
particles in colloids near glass transition (Weeks and Weitz 2002).
2.1.2 Anomalous diffusion
If a fluctuating particle is trapped within the neighbouring particles, as in solids, then the
diffusion coefficient will be zero and the mean squared displacement will be a constant value
A0 that is proportional to the square of the amplitude of fluctuation.
〈∆x2〉(t) = A0
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the slope of the mean square displacement vs time curves in the log-log scaled plot will be
0. This behaviour is known as caging, as in, the particle is trapped in a cage formed by its
neighbouring particles.
On the other hand, if the particle is moving at a constant velocity v during the given time
interval, then the mean squared displacement will be a quadratic with time.
〈∆x2〉(t) = (vt)2
Thus, if a random diffusive process is accompanied by some sustained motion or caging,
then this can result in mean squared displacement that scales with time with an exponent
greater or smaller than 1, respectively. If the exponent is less than 1, the process is known as
sub-diffusive, and if it is greater than 1, it is known as super-diffusive, as summarised below.
Both of these processes are referred to as anomalous diffusion.
〈∆x2〉(t) ∝ tα
α < 1; sub-diffusive
α = 1; normal-diffusive
α > 1; super-diffusive
Anomalous diffusion, have been observed in systems close to jamming and glass transitions.
Figure 2.2 shows mean squared displacement curves of grains and colloids near the jamming
and glass transitions. For very short time scales, the curves have an exponent greater than 1.
Then dynamics transitions from super-dffusive to sub-diffusive and then normal-diffusive
for higher time steps. Anomalous diffusion have been observed in various granular systems
including air-driven granular system (Keys et al. 2007), vibrated granular (Reis, Ingale and
Shattuck 2007; Scalliet et al. 2015), cyclic shearing (Marty and Dauchot 2005; Kou et al.
2017) and shear flows (Radjai and Roux 2002; Fan et al. 2015; Saitoh and Mizuno 2016).
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These anomalous behaviour have been attributed to critical dynamics near jamming transition
and correlated motion of the particles.
2.1.3 Open questions: micromechanics of self-diffusion
Previous research works have mainly studied the diffusion property in constant volume
geometries. However, pressure imposed granular flows are also important, for example
landslides and avalanches involve pressure controlled by gravity. Hence, there is a dearth
of studies pertaining to shear induced diffusion on pressure controlled granular flows. How
does the self-diffusivity scale with the shear rate and imposed pressure in pressure imposed
granular flows?
Furthermore, the micro-mechanisms that lead to shear-induced diffusion in dense granular
flow is not fully understood. In dilute or rapid granular flows, where the grains are in the
collisional regime, the shear-induced diffusion is attributed to the velocity fluctuations. The
diffusivity is modelled as random walk with random steps caused by the random velocity
fluctuations. In contrast, dense granular flows have been shown to involve granular vortices,
where grains can move in a correlated fashion. How does the existence of these granular
vortices induce self-diffusion in dense granular flows?
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FIGURE 2.3. Three regimes of granular flows. (a) Scaled normal stress vs.
shear strain-rate for homogeneously sheared granular flows by Chialvo, Sun
and Sundaresan (2012). Here, p∗ = P/|φ− φc|α, γ˙∗ = γ˙/|φ− φc|β, d is the
average particle size, k is the spring constant for particle interaction, and ρs is
the density of particles. (b) The bulk friction (µ∗ = τ/P ) as a function of the
inertial number (I) in plane shear flows of 2D granular materials by Cruz et al.
(2005)
2.2 Rheology
Granular flows can be divided into three regimes based on the nature of the flow and the
solid fraction φ, which is the ratio of volume occupied by the particles to the total volume.
When the volume fraction is lower than a critical volume fraction (φc), the normal stress (P )
depends on the shear strain-rate (γ˙), and this is known as the collisional or dilute regime. In
this regime, the grains are interacting primarily via binary collisions with short lived contacts
and thus the extensions of kinetic theories for gas that includes energy dissipation can be
used to model such rapid flows. However, when the volume fraction is higher than a critical
volume fraction (φc), the normal stress becomes independent of the shear strain-rate. This
regime is known as the quasi-static or dense regime which is essentially the state near the
jamming transition. In this regime, the grain inertia is negligible and the flow occurs with
correlated motion of the grains. Here, the flow exhibits nonlocal behaviours (discussed in
more detail in section 2.2.2), whose micro-mechanical origin is not fully understood. The
third regime, called the inertial or intermediate regime, lies some where in between these
two regimes and appears when volume fraction is close to the critical volume fraction. In
this regime, both grain collisions as well as long lasting contacts between the grains exist.
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(A) (B)
FIGURE 2.4. Angle of repose of grains in inclined plane. (A) Inclined plane
experimental setup, and (B) measured angle of repose for various heights of
grain on inclined plane by Pouliquen (1999).
Local constitutive laws have been developed that can model such flows which is discussed
in section 2.2.1. Critical scalings similar to the one shown in fig. 2.3 have been reported by
various authors including Olsson and Teitel (2007), Otsuki and Hayakawa (2009) and Chialvo,
Sun and Sundaresan (2012). The value of the critical volume fraction (φc) will depend on
various factors like polydispersity, particle friction, particle shape, etc. (Bi et al. 2011; Brito
et al. 2018).
This section summarises the rheological laws and nonlocal behaviours of granular fluids.
2.2.1 Local constitutive law
One of the earliest laws on rheology of fluids was introduced by Newton (1687), who found
that normal fluids like water, when subjected to a shear stress of τ , will flow with a shear-rate
γ˙ given by the following law, now known as the Newton’s law of viscosity.
τ = ρνγ˙ (2.10)
Here, ρ is the density and ν is the the coefficient of viscosity of the fluid. All fluids that follow
eq. (2.12) are called Newtonian fluids, which include water, oil, air, etc. Granular fluids do
not follow eq. (2.12) and are thus non-newtonian fluids. Granular fluids belong to a class
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of fluids called yield stress fluids that behave like solids when stress is less than the yield
stress τ0, but start to flow by obeying the following Herschel-Bulkley relation (Herschel and
Bulkley 1926) when stress is greater than the yield stress.
τ − τ0 ∝ γ˙n (2.11)
Examples of yield stress fluids include foams, emulsions (e.g. mayonnaise), paste (e.g.
toothpaste) and gels. Like yield stress fluids, granular materials become solid when shear
stress is small enough. As shown in fig. 2.4, grains on inclined plane do not flow when
the inclination is below some repose angle. Above the repose angle they start to flow like
fluids. But, unlike other yield stress fluids, granular materials have a rate dependent viscosity.
The viscosity of granular materials was first studied and documented by Bagnold (1954).
He performed granular shear experiments on spherical grains immersed in density matched
newtonian fluids. He found that at higher speeds, granular materials obey the following
scaling, now known as the Bagnold’s scaling (Mitarai and Nakanishi 2005).
τ ∝ A(φ)ρd3γ˙2 (2.12)
Here, A(φ) is some function of solid fraction. When flow is rapid and the solid fraction is
small, then the grains behave like gas particles. The flow in this dilute regime occurs primarily
due to binary collision of the grains. Thus, extensions of the kinetic theory of gas that includes
dissipation can be applied to model such rapid granular flows (Haff 1983; Lun et al. 1984;
Campbell 1990).
On the other hand if the flow is very slow and the solid fraction is very high, the flow behaviour
becomes rate independent. Such behaviours of granular material is generally modelled using
the critical state mechanics (Schofield and Wroth 1968), which describes the ultimate state of
the granular material past failure.
The intermediate flow regime involves a combination of collisions of grains as well as
correlated motions of the grains. Seminal works on experiments and simulations of dense
20 2 LITERATURE REVIEW
(A) (B)
FIGURE 2.5. Local constitutive law and flow profile. (A) The local con-
stitutive law for dense granular flow as in eq. (2.13) with µs = tan(20.9◦),
µ2 = tan(32.76
◦) and I0 = 0.279, and (B) predicted 3d velocity profile for a
granular flow on a pile between rough sidewalls by Jop, Forterre and Pouliquen
(2006).
granular flows by various researchers in the past decade have lead to the development of
a local constitutive law for dense granular flows (GDR MiDi 2004; Cruz et al. 2005; Jop,
Forterre and Pouliquen 2006). In the rigid grains limit, the shear state is governed by a single
dimensionless number called the inertial number I defined as follows,
I = γ˙ti ; ti = d
√
ρ
P
where γ˙ is the shear strain-rate, m is the average mass of a grain and P is the normal stress.
This number is basically the ratio between the inertial time ti i.e., the time it takes for a grain
to rearrange by one grain diameter distance under a normal pressure P , to the shear time
(1/γ˙) i.e., the time it takes for the system to deform by one shear strain.
The shear stress ratio µ ≡ τ/P and the volume fraction φ is found to be a function of I . A
general expression for friction is (also shown in Figure 2.5)
µ(I) = µs +
(µ2 − µs)
I0/I + 1
(2.13)
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FIGURE 2.6. nonlocal bevaiours at various geometries. (a) Split bottom
annular cell experiment setup and the observed angular velocity profile (dif-
ferent colours) at different height. Dotted profile is the one predicted by local
constitutive law for all heights. The inner portion of the cell (shown in green)
is kept stationary and outer portion (shown in grey) is rotated Fenistein and
Hecke (2003). (b) Different steady state flow geometries where nonlocal
behaviour is observed. Actual velocity profiles (smooth lines) and the ones
predicted by the local constitutive law (dashed lines) are also shown Kamrin
and Koval (2012).
where µs, µ2 and I0 are some constants. µs represents the yield friction coefficient, and thus
the local constitutive law would predict that, no flows will occur for when the friction is less
than µs. This relation has been extended to tensorial form to solve various complex geometries
(Jop, Forterre and Pouliquen 2006; Gray and Edwards 2014). Frictionless grains also follow a
similar constitutive law with a different exponent on the inertial number (Peyneau and Roux
2008). This local constitutive law works well in predicting the bulk rheology of granular
flows, but fails to predict the flow behaviours when stress or strain-rate gradients are present
in the flow. Such nonlocal effects are discussed in the next chapter.
2.2.2 Nonlocal flow behaviour
An important feature of granular materials is that they exhibit nonlocal flow behaviour, i.e. the
viscosity and the ability to flow at one location is strongly affected by the nature of flow in the
surrounding. This can result in non-trivial flow properties Komatsu et al. 2001; Kamrin and
Koval 2012 that cannot be predicted by the the local constitutive laws alone, like eq. (2.13).
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Nonlocal effects become important in flows near walls or when there is stress or strain-rate
gradients in the flow.
Figure 2.6 (a) shows a split bottom annular cell experiment results performed by Fenistein
and Hecke (2003) where granular material is sheared by keeping the inner portion of the cell
(indicated in green) stationary and rotating the outer cell. The local constitutive law would
predict a sharp shear band above the location of the split (Rs) for all heights, however the
actual shear band gets wider with the increasing height. Other geometries where nonlocal
effects are observed are shown in Figure 2.6 (a). A peculiar nature of the nonlocal flow
behaviour is that, it can cause flow to occur even at the locations where the shear stress is
below the yield stress. This is important especially in case of landslides where the actual
depth of flow on erodible base may be higher.
Another configuration where nonlocal flow behaviour is observed is in flows near walls.
Figure 2.7 shows velocity profiles and shear strain-rate profiles for range of simulations by
Rognon et al. (2015), where granular material is sheared between two rough walls. The local
constitutive law would predict a linear velocity profile and constant shear strain-rate profile.
However, the actual velocity profile is S-shaped due to the wall perturbation. Further still,
this extent of wall perturbation, generally represented by meso length `, is found to increase
with the decrease in the inertial number as follows.
` ∝ d√
I
The existence of some meso-length following similar scaling law has been observed for
various materials including granular materials (Bouzid et al. 2013; Rognon et al. 2015),
Lennard-Jones glass (Lemaître and Caroli 2009), emulsions (Goyon et al. 2008) and foams.
However, the micro-mechanism that gives rise to the rate-dependent nature of this length is
still not well understood (i.e. the length increases with the decreasing shear-strain rate even
when the stresses and volume fraction are almost constant). Different nonlocal models which
uses some form of this length have been developed and will be discussed in the following
section.
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FIGURE 2.7. Rate-dependent wall perturbations in plane shear flows. Velo-
city profile and shear-strain rate profile for plane shear flow of 2D granular
materials sheared between two parallel walls at different with different inertial
numbers (IM ) and system size Rognon et al. (2015).
2.2.2.1 Self-activation based nonlocal model (NL)
This model was first introduced by Pouliquen, Forterre and Le Dizes (2001) for slow dense
granular flows. It is is based on the idea that shear between two particle layers induces
fluctuations in the media that may trigger a shear at some other position. It assumes that
the amplitude of fluctuation, δσz′→z, decreases as a function of the distance from the shear,
(z − z′) as follows,
δσz′→z =
δσ0(z
′)
1 + β(z − z′)2/d2
where β is a dimensionless parameter which controls how fast the stress fluctuations decay.
This is similar to a characteristic meso-length scale that governs the extent of nonlocal effect.
One of the disadvantages of this model is in modelling flows near walls. It is not obvious
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whether walls should absorb or reflect stress fluctuations, and choosing one or the other will
give different results (Pouliquen and Forterre 2009).
2.2.2.2 Cooperative Model
The cooperative model also known as the Kinetic Elastoplastic model was first conjectured by
Goyon et al. (2008) and later derived for emulsions using kinetic theory for stress fluctuations
by Bocquet, Colin and Ajdari (2009). The assumptions of this model are similar to that of
the NL model in that, it assumes that local plastic events will result in stress redistribution
that can trigger further plastic events at another location. The extent of stress redistribution is
governed by a cooperativity length, ξ. The governing equation of flow is in terms of a fluidity
variable, f , defined as the ratio of shear strain-rate to shear stress, f = γ˙/τ .
∆f − 1
ξ2
(f − fb) = 0
Here fb is the bulk fluidity predicted by the local constitutive law. Kamrin and Koval (2012)
have used this model on granular flows by modifying the definition of fluidity and the
cooperativity length. The fact that the same model, with some modification, could model both
emulsions as well as granular flows suggests that there could be a universal mechanism for
the origin of nonlocality in both of these materials. However, such a mechanism is yet to been
identified yet.
2.2.2.3 Eddy Viscosity model (EV)
This model is inspired from the turbulent flows of Newtonian fluids, in which the increase in
apparent viscosity in turbulent flow is attributed to the development of vortices. Hence the
effective viscosity, νeff is expressed as a sum of an intrinsic viscosity of the fluid, ν0, and an
eddy viscosity due to the formation of vortices, νeddy. The eddy viscosity is estimated using
Prandtl’s mixing length model and is governed by the size of vortex `v and rotating frequency
w as
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νeddy ∝ w`2v
Here, the vortex size governs the extent of nonlocality. Staron et al. (2010) and Miller
et al. (2013) assumed the length scale to be given by some function of the distance to the
walls. Rognon et al. (2015) estimated the vorticity length from the analysis of grain velocity
fluctuations, δv and vorticity w = 1
2
(∂vy/∂x− ∂vx/∂y).
`v =
δv
w
This model was able to capture nonlocal wall effects shown in fig. 2.7. A general aspect of this
model is that, it is based on the premise that correlated convective motion of particles exists
in the flow. Such correlated motion of particles have been reported in dense flows of various
materials including grains (Staron 2008; Miller et al. 2013) , sand (Abedi, Rechenmacher and
Orlando 2012) , foams (Durian 1995) and emulsions (Weeks and Weitz 2002).
2.2.2.4 Gradient expansion based nonlocal model (YF)
This model was proposed by Bouzid et al. (2013) by probing the nonlocal behaviour of 2D
granular shear flows by setting up a microrheology setup. They showed that the nonlocal
effect can produce shear flow at location where the shear stress is below the yield stress.
They measure the associated relaxation length scale, `, to be a function of the yield function,
Yb ≡ µ/µs. They assumed that the nonlocality results from a statistically isotropic short-range
interaction between shear zones, and thus perform a gradient expansion of Y in terms of the
inertial number and propose the following relation.
Y = µ(I)
µc
[1− λκ]
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where, λ is some phenomenological constant, µc is the observed friction coeficient, and
κ = (∇2I)d2/I . By solving this equation, they show that the relaxation length scale, `
follows the following scaling law.
` = d
√
Ybλ
α(Yb − 1) for Yb > 1, and ` = d
√
λ
α(1− Yb) for Yb < 1
Because the yield function is a function of the inertial number, this scaling of length is similar
to ` ∝ d/√I observed by Rognon et al. (2015).
2.2.3 Open questions: Micromechanics of nonlocal behaviour
In spite of the differences in their formulations, all of the nonlocal models discussed in the
previous sections are based on a key assumption that there exists a meso-scale length which
represents the extent of nonlocality. In the NL model it is the dimensionless parameter β,
in KEP model it is the cooperativity length, ξ, in the EV model it is the vorticity length,
`v, and in YF model it is the relaxation length, `. However, the micromechanisms leading
to the origin and the rate-dependent nature of this length scale have remained elusive. The
fact that similar nonlocal effects are present in various glassy materials, like grains, sands,
foams, emulsions, etc., suggests that there could be a universal mechanism for the origin of
nonlocality in all of the materials.
A recent study by Zhang and Kamrin (2017) have shown the the macroscopic fluidity f to be a
purely kinematic variable, which can be measured in terms of local grain velocity fluctuations
and solid fraction. Could the cooperativity length scale also be measured from the grain
kinematics? Also, which kinematic process could lead to nonlocal behaviour?
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2.3 Granular turbulence and correlated structures
Newtonian fluids undergo laminar flow, when the flow is slow enough for the viscous res-
istance to be high compared to inertia of the fluid. During laminar flow, fluids flow along
streamlines without disturbing the neighbouring layers. On the other hand, Newtonian fluids
experience turbulence, when the inertia of the fluid is high compared to the viscous resist-
ance. Turbulence is characterised by chaotic motion of the fluid resulting in their transverse
movement between the layers. Reynolds (1883) quantified the transition from laminar flow to
turbulent flow in terms on a dimensionless number, now known as the Reynolds number.
Re =
ρDv
ν
(2.14)
Here, ρ is density, D is a characteristic length, v is mean velocity and η is the effective
viscosity of fluid. Reynolds number is a dimensionless ratio between the inertial forces and
viscous forces acting on the fluid. Turbulent motion is generally observed for high Reynolds
number (Re & 5000).
An important feature of turbulence is the existence of chaotic eddies and vortices of various
length scales (Richardson, Ashford and Drazin 1993; Hunt 1998; Smyth and Moum 2000),
because their existence influences the flow behaviour in such a way that the local constitutive
law, for example eq. (2.12), no longer applies. Hence, modelling of turbulence requires an
alternative approach which considers the role of these length scales. Kolmogorov (1941)
formalised a statistical theory of the cascading length scales in turbulence based on energy
spectrum and an energy cascade. One key hypothesis was that the eddies pass the kinetic
energy from large scale eddies to small scale eddies until the fluid’s viscosity can effectively
dissipate the kinetic energy. This would result in the energy spectrum function E(k) to follow
a power law that describes the energy cascade across the range of length scales.
E(k) ∝ k−5/3 (2.15)
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(A)
(B)
FIGURE 2.8. Turbulence and energy spectra in fluids. (A) Image of flowing
water showing a transition from laminar to turbulent regime (Munson, Young
and Okiishi 1994), and (B) energy spectrum data for turbulent flow experiments
compiled by Saddoughi and Veeravalli (1994) follow the Kolmogorov scaling
eq. (2.15).
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(A)
(B)
FIGURE 2.9. Turbulent like fluctuations in granular flow. (A) A snapshot
showing turbulence like fluctuations of the particle displacements during a
quasi static granular shear flow simulation by Radjai and Roux (2002). (B)
Averaged power spectrum of velocity fluctuations for the same simulation
(Radjai and Roux 2002).
Here, k is a wave number which is relates to a vortex size ` as k = 2pi/`. This scaling has
been confirmed in several experiments as shown in fig. 2.8 (B).
Radjai and Roux (2002) did observe turbulent like fluctuations in plane shear flow of granular
materials. They found that similar to the turbulent flows in normal fluids, quasi static granular
flows exhibited the following properties.
• Non-gaussian velocity fluctuations with high tail.
• Averaged power spectrum of velocity fluctuations follow a power law.
• Super-diffusive behaviour of the particle displacements within a shear time.
The striking observation is, unlike newtonian fluids, granular flows exhibit turbulent like
fluctuations at slow shear rate, i.e. when inertia is small compared to resistance. These
behaviours have been experimentally confirmed in 1γ − 2 apparatus (Richefeu, Combe
and Viggiani 2012) and stadium shear geometry (Rognon, Miller and Einav 2015; Miller
2014). A peculiar feature about these turbulence like fluctuations is the existence of correlated
30 2 LITERATURE REVIEW
structures or granular vortices. Granular vortices have been observed in several experiments
and simulation, like shear bands in sand (Abedi, Rechenmacher and Orlando 2012; Kozicki
and Tejchman 2017), plane shear flow experiments (Rognon, Miller and Einav 2015), flows
down inclines (Forterre and Pouliquen 2001; Pouliquen 2004), and shear simulations (Staron
2008; Kozicki and Tejchman 2018; Woldhuis et al. 2015). It has also been shown that the
presence of granular vortices can influence the viscosity of granular flows near walls (Miller
et al. 2013).
However, to our knowledge, there is a dearth of studies related to the extensive measurement
of the size of granular vortices as a function of macroscopic flow properties like inertial
number. Does the existence of the granular vortices affect the self-diffusion and nonlocal flow
behaviours?
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(A) (B)
FIGURE 2.10. Jamming phase diagrams. (A) Jamming phase diagram pro-
posed by (Liu and Nagel 1998). The region enclosed by the depicted surface
represents the jammed state. (B) Shear jamming phase diagram for frictional
packing (Bi et al. 2011). Here, SJ stands for Shear Jammed and F stands for
Fragile.
2.4 Amorphous glassy materials
Granular material can be classified as an amorphous glassy material —like foams, emulsions,
and other particulate fluids —that can undergo dynamic phase transition between static and
flowing state called the jamming transition, similar to the glass transitions in supercooled
liquids. An important feature of both of these transitions is that, unlike other phase transitions
where particles are arranged in some ordered pattern in the solid states, the structural organ-
isation of particles in the solid state is indistinguishable from that in the liquid state which is
essentially disordered. This similarity has lead to the conjecture that a universal mechanism
may exist that can explain the phase transition for all of these materials (Biroli 2007; Keys
et al. 2007).
Inspired by the jamming concept postulated by Cates et al. (1998), Liu and Nagel (1998)
proposed a phase diagram shown in fig. 2.10(A) that could represent the jamming transition.
The three state variables that control the transition are temperature, density and load. Since
then, many systems that pertains to a similar phase diagram has been studied, including
frictionless packing (O′Hern et al. 2003; Haxton, Schmiedeberg and Liu 2011), frictional
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grains (Bi et al. 2011), colloids (Trappe et al. 2001) and super-cooled liquieds (Debenedetti
and Stillinger 2001; Yamamoto and Onuki 1998).
FIGURE 2.11. Universal nature of particle displacements. Time evolution of
the self part of van Hove function show similar features for silica, Lennard-
Jones glass, colloids and grains. (Chaudhuri, Berthier and Kob 2007).
Particle displacements near the jamming and glass transitions have been shown to have similar
features. Figure 2.11 shows the nature of particle displacements in various glassy and granular
materials, namely silica, Lennar-Jones glass, colloids and grains, in terms of the self-part of
the van Hove function that is defined as follows.
Gs(r, t) = 〈δ(r − |ri(t)− ri(0)|)〉 (2.16)
where r is the position of particle i. For all systems, the particle displacements have similar
structure over a broad time window comprising the structural relaxation. They are accompan-
ied by Gaussian central part and a broad exponential tail, which is an indicator of decoupled
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between translational diffusion and structural relaxation. Thus, the jamming and glass trans-
itions are accompanied by increased correlated motion of particles and slowing down of the
dynamics. Figure 2.12 shows the example of correlated dynamics in supercooled liquids and
granular materials. The critical scaling of the length and time scales have been observed
near the jamming and glass transitions in various system, including granular systems (Keys
et al. 2007; Reis, Ingale and Shattuck 2007; Scalliet et al. 2015; Marty and Dauchot 2005;
Kou et al. 2017; Clark et al. 2018), emulsions (Weeks and Weitz 2002), suspensions (Düring,
Lerner and Wyart 2014), foams (Durian 1997; Debregeas, Tabuteau and Di Meglio 2001),
Lennard-Jones glass (Donati et al. 1999; Lemaître and Caroli 2009; Heussinger, Berthier and
Barrat 2010) and amorphous solids (Lin et al. 2014; Lerner, Düring and Wyart 2012).
It would be interesting if these length scales were some how related to the nonlocal length
scales observed in the nonlocal flow behaviours. Apart from recent effort for the deformation
of amorphous solids, this remains elusive for granular materials. This work shall focus on
granular flows as an example of amorphous glassy materials. However, we believe that the
findings of this work can be useful to other amorphous glassy materials as well.
(A) (B)
FIGURE 2.12. Correlated motions near glass and jamming transitions. (A)
A snapshot showing mobility of air-driven granular beads packing over a
12s period. (Keys et al. 2007). (B) non-uniform relaxation and correlated
dynamics of such a system at decreasing temperature (Berthier 2004; Biroli
2007).
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2.5 Discrete simulation
Discrete Element Method is a numerical method that simulates the motion and interactions of
particles over a certain period of time. There are several approaches to achieve this. The first
approach is called event driven algorithm where the time is stepped from collision to collision.
This approach is suitable to simulate dilute systems consisting of perfectly rigid particles but
difficult for dense configurations involving sustained contacts. A contact dynamics approach
could be used to overcome this, but the contact forces needs to be inferred via the dynamics
of the grains.
An alternative approach, known as molecular dynamics (Luding 2004), is to allow the particles
to overlap each other resulting in the formation of visco-elastic contact forces (Cundall and
Strack 1979). The particles would interact via dissipative, elastic, and frictional contacts
characterised by some Young’s modulus, normal coefficient of restitution, and a friction
coefficient. An explicit finite difference method is then used to solve the equation of motion
for each particle using small time steps. Using the position, velocity and contact forces of
the grains at various time steps, macroscopic properties like average velocity profile and
stress conditions can be measured using coarse graining techniques (Weinhart et al. 2012;
Goldhirsch 2010). For this thesis, I have modified and used an in-house molecular dynamics
C++ code written by Dr. Pierre Rognon.
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2.6 Summary
This review has highlighted a number of open questions pertaining to granular flows and our
understanding of its underlying micro-mechanism. These include:
• How does the existence of correlated structures in the dense flow regime affect the
overall transport properties of granular materials, like rheology and diffusion?
• What is the mechanism that gives rise to the nonlocal flow behaviour? Could there
be a general mechanism universal to all glassy materials?
• How does the nonlocal flow behaviour affect other transport properties like diffusion?
This research shall try to address these questions by identifying the micro-mechanisms that
govern the self-diffusion and nonlocal behaviour of dense granular flows.
CHAPTER 3
Vortices Enhance Diffusion in Dense Granular Flows
Grain size is an important internal length scale that governs the self-diffusion and rheological
properties of granular flows. However, experiments and simulations have shown the existence
of granular vortices in granular flows in the dense regime. This indicates that the size of
these granular vortices could lead to another internal length scale that is bigger than the grain
size. Could the existence of this new length scale, the size of granular vortices, affect the
self-diffusion property in the dense flow regime? Existing studies on self-diffusion have
mainly focused on constant volume flow geometries. How does the self-diffusion coefficient
scale with shear rate in pressure controlled flow geometries?
The following paper addresses these question by studying the self-diffusion property of dense
granular flows in the plane shear geometry. We find that the self-diffusivity is enhanced by
the presence of granular vortices in dense granular flows. The size of granular vortices are
directly measured using a novel clustering algorithm based on relative velocities of grains.
The size of these granular vortices ` are found to be rate-dependent following a power law
with the inertial number I as ` ∝ d/√I . A scaling law for diffusivity that also involves the
vortex size is introduced, which captures all the measured diffusivities: D ∝ d`γ˙
The paper is comprised of a main letter and a supplemental material. In the paper, published
in Physical Review Letters, I was the primary researcher and author, being supervised by Dr.
Pierre Rognon.
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This Letter introduces unexpected diffusion properties in dense granular flows and shows that they
result from the development of partially jammed clusters of grains, or granular vortices. Transverse
diffusion coefficients D and average vortex sizes l are systematically measured in simulated plane shear
flows at differing inertial numbers I revealing (i) a strong deviation from the expected scaling D ∝ d2 _γ
involving the grain size d and shear rate _γ and (ii) an increase in average vortex size l at low I, following
l ∝ dI−12 but limited by the system size. A general scaling D ∝ ld_γ is introduced that captures all the
measurements and highlights the key role of vortex size. This leads to establishing a scaling for the
diffusivity in dense granular flow as D ∝ d2
ﬃﬃﬃﬃﬃﬃﬃﬃ
_γ=ti
p
involving the geometric average of shear time 1=_γ and
inertial time ti as the relevant time scale. Analysis of grain trajectories is further evidence that this diffusion
process arises from a vortex-driven random walk.
DOI: 10.1103/PhysRevLett.119.178001
Introduction.—Shear-induced diffusion underlies key
properties related to mixing, heat transfer, and rheology
of granular materials [1,2]. For instance, it counterbalances
size segregation in polydispersed granular flow down a
slope, thereby affecting the dynamics of landslides and
snow avalanches [3–5]. It also produces strong convective
heat fluxes across granular sheared layers [6].
In dense granular flows, shear-induced diffusion is
usually modeled by expressing a diffusivity D½m2=s in
terms of the natural length and time scales, the grain size
d½m and shear rate _γ½s−1 [1,2,7,8]:
D ∝ d2 _γ: ð1Þ
The typical grain trajectory leading to this scaling is a
random walk with a step of the order of d and random
changes in direction at a typical frequency _γ. However, the
internal kinematics of dense granular flows do not simply
follow such a random walk.
Firstly, the typical duration of grain rearrangement—or
plastic events—within the flows was shown to correspond
to a time scale ti ¼ d
ﬃﬃﬃﬃﬃﬃﬃﬃ
ρ=P
p
, named inertial time, involving
the grain density ρ and the normal stress P. Dense granular
flows were found to correspond to small values of the
inertial number I ≪ 1, defined as [9,10]
I ¼ _γti: ð2Þ
Interestingly, small values of I implies that the time scale
for these grain rearrangements is much shorter than the
shear time, ti ≪ _γ−1. Secondly, grain kinematics in dense
granular flows may exhibit strong spatial correlations for
short periods of time [11–17]. Whether and how these
kinematic features could affect the diffusive property, in
particular the scaling (1) remains poorly explored.
The purpose of this Letter is to establish the scaling of
the diffusivity D in dense granular flows, and to identify its
origin in terms of internal kinematics.
Measuring shear-induced diffusion.—We used a discrete
element method to simulate plane shear flows in a
biperiodic domain prescribing both the shear rate _γ and
normal stress P [see Fig. 1(a)]. This flow geometry avoids
any stress gradient and walls, and thus produces homo-
geneous flows in which shear rate, shear and normal
stresses, and inertial number I are spatially constant.
This enables tracking grains diffusing across the shear
direction over long distances, while they always experience
the same flow conditions.
Simulated grains are disks in which the diameters are
uniformly distributed in the range of d 20% in order to
avoid crystallization. They interact via dissipative, elastic,
and frictional contacts characterized by Young’s modulus
E ¼ 1000P, a normal coefficient of restitution e ¼ 0.5, and
a friction coefficient of 0.5 for frictional grains and 0 for
frictionless grains. In the dense regime, the value of E and e
do not significantly affect the flow properties [9].
(a) (b)
FIG. 1. (a) Plane shear geometry with biperiodic boundary
conditions (dashed lines). (b) Schematic of Delaunay triangula-
tion and computation of relative velocities for triplet of grains.
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This method was used to simulate flows of differing
inertial numbers within the range 7 × 10−4 ≤ I ≤ 5 × 10−1,
in systems of differing size in the range 20 ≤ H=d ≤ 120.
The numerical experiments start by randomly placing
grains with no contact. Then, normal stress P and shear
rate _γ are simultaneously applied until a steady state is
reached. All measurements reported below are performed
over a period of time of 25=_γ corresponding to 25 shear
deformations, after the flow has reached a steady state.
The primary quantity of interest in quantifying the
shear-induced diffusion is the mean square displacement
of grains across the shear direction, defined as hΔy2iðtÞ ¼
ð1=NÞPNi¼1½yiðt ¼ 0Þ − yiðtÞ2, where the sum runs on all
the grains in the shear cell. A normal-diffusive behavior,
such as induced by a 1d-random walk, would lead to a
mean square displacement increasing linearly with time,
hΔy2iðtÞ ¼ 2Dt. By contrast, grains moving up or down
at a constant speed v would lead to a quadratic scaling
hΔy2iðtÞ ¼ vt2, corresponding to a superdiffusive behavior.
Figures 2(a) and 2(b) show the time evolution of mean
square displacements for frictional and frictionless grains,
and for different values of the inertial number I. They
evidence the existence of a superdiffusive behavior until
flows undergo a fraction of shear deformations, followed
by a normal diffusive behavior at larger deformation—a
result consistent with previous observation [2,7,8,11].
Figure 2(c) shows the value of diffusivity D normalized
by d2=ti, obtained by fitting the mean square displacement
at larger deformations (t_γ > 2) by the function 2Dt. Thus
normalized, the scaling (1) would predict ðD=d2=tiÞ ∝ I.
By contrast, Fig. 2(c) reveals a significant breakdown
of the scaling (1) at low inertial numbers. Instead, three
regimes appear. At large I, the expected scaling (1) is
recovered, with D ≈ Ad2 _γ and A ≈ 0.13. For the lowest
values of inertial number, the scaling (1) is also recovered,
with D ≈ Bd2 _γ; however, it then involves a constant B
much greater than A, which seemingly increases linearly
with the system size [see inset of Fig. 2(c)]. For inter-
mediate inertial numbers, the scaling (1) is not valid. The
diffusivity is then no longer directly proportional to the
shear rate, for both frictional and frictionless grains.
These results show that the diffusivity at low inertial
number are significantly larger than the prediction of (1)
measured for high I. They further indicate that this
enhancement becomes more acute for systems with larger
width H.
Granular vortices length scale l.—Let us now seek to
rationalize the measured diffusivities by analyzing the grain
kinematics within the flows. One approach would be to
express diffusivity in terms of velocity fluctuations δv,
which leads to a scaling of the form D ∝ dδv. However, in
the Supplemental Material [18], we show that this scaling
cannot fully capture the diffusivity, with its prediction
getting worse for smaller systems and frictionless grains.
Instead, we introduce in the following an analysis based on
the existence and size of jammed clusters of grains, which
are hereafter referred to as granular vortices.
In this aim, we developed the following method to detect
vortices, involving two steps: (i) identifying at any point in
time triplets of neighboring grains considered kinemati-
cally jammed, and (ii) aggregating jammed triplets sharing
two common grains into a larger vortex. Triplets of
neighboring grains are identified using a Delaunay triangu-
lation. The criteria used to define whether a triplet is
jammed is based on the relative normal velocity of the three
pairs of grains jΔvkjmax ¼ maxðjΔvk12j; jΔvk13j; jΔvk23jÞ [see
Fig. 1(b)]. A triplet is considered kinematically jammed if
all three relative normal velocities are smaller than the
(a)
(b)
(c)
FIG. 2. Time evolution of mean square displacement hΔy2i for
different values of inertial number I for (a) frictional grains and
(b) frictionless grains (system size H=d ¼ 120). (c) Measured
diffusivityD versus inertial number I for systems of differing size
with H=d ¼ 20 (diamonds), 30 (triangles), 60 (circles), and 120
(squares). Hollow and filled symbols represent frictional and
frictionless grains, respectively. Inset: variation of the constant B
(see text) with different system size.
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average relative normal velocity hjΔvji between all pairs
of neighboring grains in the full system; i.e., triplet k is
jammed if jΔvkjmax < hjΔvji. The outputs of this method
include a list of vortices at any point in time, each being
comprised of a list of jammed grains. Snapshots of jammed
grains are shown in Figs. 3(a) and 3(b). Alternative vortex
detection methods and more details on the method used
here are discussed in the Supplemental Material at [18].
In order to quantify the average vortex size, we define a
correlation function gðrÞ measuring the probability that
two grains at a distance r belong to the same vortex.
gðrÞ is calculated using 100 randomly picked snapshots.
Figure 3(c)–(i) shows that, for smaller inertial numbers,
these correlation functions exhibit a higher tail, indicating a
higher probability of finding large clusters. The average
vortex size l is then deduced from gðrÞ as
l ¼
P
rðrþ dÞgðrÞP
rgðrÞ
: ð3Þ
The average on rþ d, rather than r is chosen to represent
the distance between the center of the two grains r plus
their outer halves d.
Figure 3(c) shows the average vortex size measured in
flows of differing inertial number I and widths H. At high
inertial numbers (I ≳ 0.1), it appears that the vortex size is
nearly constant and close to one grain size (l ≈ d). At
intermediate inertial numbers, it seemingly scales like
l
d
∝ I−12: ð4Þ
It ultimately reaches a maximum value lmax at smaller
inertial numbers, which is proportional to the system size,
lmax ≈H=4. The scaling (4) and system size effects are
further highlighted in Fig. 3(c-ii). These observations
indicate that while vortices tend to grow as the inertial
number decreases, this growth is eventually limited by the
system size.
Scaling of diffusivity with l.—Figures 4(a) and 4(b) show
a collapse of the mean square displacements in the normal-
diffusive regime when plotted as a function of t_γl=d
instead of t_γ. Consistently, Fig. 4(c) shows a linear increase
of the ratio D=ðdl=tiÞ with the inertial number I, which
leads to the following scaling for the diffusivity:
D ∝ dl_γ: ð5Þ
This scaling captures all the measured diffusivities in
flows of differing inertial numbers I and width H.
Introducing the scaling (4) of the vortex size into (5)
leads to the following expression for the diffusivity:
D ∝ d2
ﬃﬃﬃ
_γ
ti
s
; ð6Þ
(a)
(b)
(c)
FIG. 3. Granular vortices. (a),(b) Snapshots illustrating granular vortices, i.e., triplets of kinematically jammed grains shown in
magenta for I ¼ 0.1 (a) and 0.001 (b) for H=d ¼ 120 system with frictional grains. (See Supplemental Material movies [18].) (c)
Average vortex size l versus inertial number I for frictional grains and frictionless grains in systems of differing size H. Symbols
represent the same configurations as those in Fig. 2(c). Inset (i): correlation function gðrÞmeasured in flows of differing inertial numbers
ranging from 0.5 to 0.001 for H=d ¼ 120 system with frictional grains. Inset (ii): same plot as (c) but rescaled with the system size H
and a power of inertial number.
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which applies when the vortex size is not limited by the
system size and involves the geometric average of the shear
time 1=_γ and inertial time ti. When the vortex size is limited
by the system size, i.e., when I ≲ ðd=HÞ2 according to
(4), the diffusivity would scale like D ∝ dlmax _γ ≈ dH_γ,
consistent with Fig. 2(c) (inset).
A vortex-induced random walk.—A random walk of step
s and frequency f would lead to a mean square displace-
ment exhibiting a superdiffusive behavior [hΔy2iðtÞ ¼
ðsfÞ2t2] at times shorter than f−1, reaching the value
hΔy2iðf−1Þ ¼ s2 at time f−1, and following a normal
diffusive behavior afterward [hΔy2iðtÞ ∝ 2s2ft]. This is
precisely the pattern evidenced in Figs. 4(a) and 4(b),
which show a transition from superdiffusive to
normal-diffusive behavior at time t ≈ ðd=l_γÞ, with a mean
square displacement reaching a value of approximately
ð0.3dÞ2. This suggests that grain trajectories in dense
granular flows follow a random walk of typical step
s ≈ 0.3d and frequency ðl=dÞ_γ, which may be orders of
magnitude higher than _γ.
This observation is consistent with a scenario involving
vortices of size l rotating at speed _γ for a short amount of
time [22]. Grains at the vortex periphery would then move
at an average speed l_γ and take a time d=ðl_γÞ to cover a
distance of the order of d, leading to the superdiffusive
regime. After this period of time, these grains would
become part of a different vortex which would make them
move in a different direction, producing a new step for the
random walk. This scenario points out a typical vortex
lifetime tv scaling like d=ðl_γÞ. In the dense regime, when
vortices are not affected by the system size, this vortex
lifetime can be expressed as
tv ∝
d
_γl
∝
ﬃﬃﬃ
ti
_γ
r
: ð7Þ
The diffusivity (6) can then be expressed as a function of
the vortex life time as
D ∝
d2
tv
: ð8Þ
Accordingly, one can interpret shear-induced diffusivity
in dense granular flow to arise from a random walk with a
step of the order of d, and with a frequency t−1v controlled
by the vortex lifetime rather than by the shear rate _γ. As a
result, during one shear deformation time (1=_γ) there will
be 1=ðtv _γÞ ¼ l=d number of vortex random steps, which
ultimately results in the enhancement of the diffusion. This
contrasts with Eq. (1) which assumes a single random step
per shear deformation.
Conclusion.—This study shows that the existence of
vortices greatly affects shear-induced diffusion in dense
granular flows. A key scaling law (5) is evidenced that
relates the diffusion D to the vortex size. This scaling law
could help rationalizing shear-induced diffusive behaviors
in other glassy materials such as dense suspensions [23],
Lennard-Jones glasses [24], foams [25], and emulsions
[26], which also exhibit correlated kinematics fields.
For unbounded dense granular flows, a second scaling
(4) is evidenced that relates the vortex size to the inertial
number. These two scalings indicate that the diffusivity is
then directly defined by the grain size and a geometric
average of the shear and inertial time, as in (6). This
expression can readily be used in continuum hydrodynamic
models of dense granular flows.
Finally, the analysis of the grain trajectory indicates that
granular vortices are short lived, with a typical lifetime
given by (7) that can be orders of magnitude shorter than
(a)
(b)
(c)
FIG. 4. Time evolution of mean square displacement hΔy2i for
different values of inertial number I for frictional grains (a) and
frictionless grains (b) of system size H=d ¼ 120. (c) Measured
diffusivity D versus inertial number I and vortex size l for
systems of differing size H. Dashed line represents the function
D=ðdl=tiÞ ¼ 0.08I. All the symbols represent the same con-
figurations as those in Fig. 2.
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the shear time. This time scale is reminiscent of velocity
autocorrelation decay time [27] and various rearrangement
time scales [28] measured in other glassy systems. Besides
explaining diffusive properties, this feature could help
rationalize rheological properties of dense granular flows
such as nonlocal behaviors [15,29].
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DIFFUSIVITY IN TERMS OF VELOCITY
FLUCTUATIONS
An alternative to the scaling D ∝ d2γ˙ can be formu-
lated based on the average velocity fluctuation δv within
the flows, as:
D ∝ dδv (1)
In dense granular flows, velocity fluctuations do not sim-
ply scale like dγ˙ but rather scale like δv
dγ˙
∝ I−1/2 [1–4],
or:
δv ∝ d√ γ˙
ti
(2)
Interestingly, this leads to a scaling D ∝ d2√ γ˙
ti
similar to
the one we evidenced in large systems, when the vortex
size is not limited by the system size.
Figure S1 shows the velocity fluctuations and diffusiv-
ities measured in the plane shear flows in order to assess
the validity of the scaling (1) and (2). It appears that
velocity fluctuations deviates from (2) for small systems
of frictional grains. More importantly, for both frictional
and frictionless grains, the diffusivities are not captured
by the linear relationship (1).
As shown in figure S1(e), the super-diffusive part of the
mean square displacement curves are well collapsed when
rescaling the time by the velocity fluctuations. However,
due to the nature of the curves, the normal diffusive part
does not collapse. On the otherhand, when we use the
vortex size to rescale time for the same mean square dis-
placement curves, the normal diffusive part is well col-
lapsed as shown in figure S1(f).
This indicates that the knowledge of velocity fluctu-
ation alone is not sufficient to predict the diffusive be-
haviour of dense granular materials. By considering a
typical length scale of the velocity fluctuations, the anal-
ysis in terms of vortices proposed in the main paper is
able to overcome this limitation.
MEASURING VORTEX SIZE
There exists a number of methods capable of measur-
ing a length scale from kinematic fields (see [5] and refer-
ences therein). For instance, one could measure the spa-
tial correlations of velocity or vorticity field [6–8]. Cor-
relation of vorticity would be best suited to detect clus-
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FIG. S1. (a-b) Velocity fluctuation as a function of inertial
number and (c-d) Diffusion coefficient as a function of velocity
fluctuation for systems of differing size with H/d = 20 (dia-
monds), 30 (triangles), 60 (circles), 120 (squares). Hollow and
filled symbols represent frictional and frictionless grains, re-
spectively. (e-f) Time evolution of mean square displacement⟨∆y2⟩ for different values of inertial number I for frictionless
grains and system size H/d = 30.
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FIG. S2. The measured values of the vortex size as a function
of inertial number using various ∆t (left, with α = 1) and α
(right, with ∆t = 0.1/γ˙) for system of size H/d = 60 with
frictional grains.
ters of grains experiencing a rigid body rotation, given
that the vorticity within such clusters should be con-
stant while the velocity would vary radially. In [7, 8],
correlation-based methods were used leading to evidenc-
ing a length scale increasing with dI1/2; these results are
consistent with those presented here. Nonetheless, the
output of a correlation function in a system featuring a
wide range of sizes is not obvious to interpret, and there
a chance that the measured length scale may be biased
toward smaller or larger cluster size. For example, cor-
relation lengths may be biased towards measuring the
size of transient shear bands (i.e. boundary between two
vortices) instead of measuring the size of vortices.
The method we used was developed to overcome this
uncertainty by directly detecting individual vortices de-
fined as clusters of jammed grains. By definition, these
clusters should move as rigid bodies, both by translation
and rotation. The method is based on a criteria defin-
ing whether a triplet of grains is considered jammed. We
have used a criteria involving a time averaged grain ve-
locities over some time step ∆t and a relative velocity
threshold α∣∆v∣∆t, where ∣∆v∣∆t is the average relative
pairwise velocity in the system. The grain velocities are
thus defined as:
vx,∆t = ∆x/∆t; vy,∆t = ∆y/∆t, (3)
and a triplet is considered jammed if:
α∣∆v∣∆t <max(∣∆vk12∣∆t; ∣∆vk13∣∆t; ∣∆vk23∣∆t). (4)
Tunning the values for ∆t and α leads to including or
excluding some of the triplets from the jammed list.The
value of these parameters are thus expected to ultimately
affect the number and size of identified clusters. For in-
stance, a value α = 0 would exclude nearly all triplets,
as it is unlikely that all three grains move exactly at the
same speed. Conversely, a large value of α would lead to
considering all triplets jammed, forming one single large
cluster.
In the main text, we used α = 1 and ∆t = 0.1/γ˙, which
is a large enough time step to average high frequency ve-
locity fluctuations resulting from grain rearrangements.
Figure S2 shows how the measured vortex size ` depends
on these parameters. It appears that, although the ab-
solute values of the vortex size do change with these pa-
rameters, their relative scaling with the inertial number
remains unchanged.
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CHAPTER 4
Nonlocal Repercussions of Partial Jamming in Dense Granular Flows
Chapter 3 highlighted the rate-dependent nature of the average granular vortex size ` in the
plane shear flow geometry where the average shear-rate was spatially homogeneous. This
chapter focuses on non-homogeneous shear flow geometries, namely plane shear with gravity
and Poiseuille flow geometries. These geometries involve stress and shear rate gradients,
which have been shown to exhibit nonlocal flow behaviours which cannot be fully captured
by local constitutive laws. Hence many nonlocal models have been introduced to capture
these behaviours, all of which involve some form of nonlocal length scales that represent the
extent of nonlocal effects. However, the micro mechanical origin of this nonlocal length scale
is still not fully understood.
In this chapter we show how the existence of granular vortices in non-homogeneous flows can
lead to the redistribution of shear rates in different layers and ultimately nonlocal behaviours.
Based on a purely kinematic argument, a nonlocal model is derived and validated on the two
geometries. The finding of this purely kinematic link suggests that nonlocal flow behaviours
should be expected in other materials as well that involve correlated motion of particles, like
foams, pastes and gels.
The following paper was published in arXiv and I was the primary researcher and author of
this paper, being supervised by Dr. Pierre Rognon.
Citation: Kharel, P., & Rognon, P. (2016). The nonlocal repercussions of partial jamming in
dense granular flows. arXiv preprint arXiv:1605.00337.
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The non-local repercussions of partial jamming in
dense granular flows
Prashidha Kharel∗a and Pierre Rognon†a
This paper establishes a link between the non-local behaviour of granular materials and the pres-
ence of transient clusters of jammed particles within the flow. These clusters are first evidenced in
simulated dense granular flows subjected to plane shear, and are found to originate from a mech-
anism of multiple orthogonal shear banding. A continuum non-local model, similar in form to the
non-local Cooperative model, is then derived by considering the spatial redistribution of vorticity
induced by these clusters. The non-locality length scale is thus expressed in terms of the cluster
size. The purely kinematic nature of this derivation indicates that non-local behaviour should be
expected in all glassy materials, regardless of their local constitutive law, as long as they partially
jam during flow.
1 Introduction
Glassy materials such as foams, emulsions, and granular mat-
ter are composed of amorphous assemblies of many particles, be
they bubbles, droplets or grains, that interact with their neigh-
bours upon deformation. These interactions underpin rich flow
behaviours that are pivotal to a number of application in engi-
neering, geophysics and biophysics.
Different local constitutive laws have been found to predict
the flow of glassy materials, including Herschel-Bulkley model
for foams and emulsions1,2 and visco-plastic model for granular
materials3–5. Dense granular flows can be characterised in terms
of two dimensionless numbers, the shear stress ratio µ and the
inertial number I, defined as follows,
µ ≡ τ
P
; I ≡ γ˙ d√
P/ρ (1)
where τ is the shear stress, P is the normal stress, γ˙ is the shear
rate, d is the grain size and ρ is the grain density. Their local
constitutive law can then be expressed in terms of these two di-
mensionless numbers as,
µ(I) = µ0+bI for ∣µ ∣ > µ0 (2a)
I = 0 otherwise (2b)
where µ0 is the yield stress ratio and b is a dimensionless parame-
ter close to unity. Although, this model can fully capture the bulk
a Particles and Grains Laboratory, School of Civil Engineering, The University of Sydney,
Sydney, NSW 2006, Australia.∗ Email: prashidha.kharel@sydney.edu.au
† Email: pierre.rognon@sydney.edu.au
rheology in the plane shear geometry, strong deviations from this
model were evidenced in flow geometries involving the proximity
of walls6,7 and/or stress gradients8–10. These deviations were at-
tributed to non-local behaviours, and a range of non-local models
were introduced to capture them6,11–15, four of which are briefly
described in the following paragraph.
Firstly, the Self-Activation model13,16 and the Cooperative
model11,12 were both developed based on the idea that a plas-
tic event at a given location in the flow induces stress fluctua-
tions propagating nearby that may trigger a shear event at some
other position. The former assumes that the amplitude of the
stress fluctuations decreases as a function of the distance from
the shear with a characteristic length proportional to the grain
size. The latter assumes that the extent of stress redistribution
is governed by a cooperativity length, ξ , which itself is a function
of the stresses. Secondly, the Gradient model14,17 is based on
the gradient expansion of the yield function, Y ≡ µ/µ0, in terms
of the inertial number, leading to the following governing equa-
tion: Y = µ(I)/µ0 (1−ν(d2∇2I)/I), where ν is a phenomenolog-
ical constant and µ(I) is the prediction of the local constitutive
law (2). This model also predicts a non-local length scale as a
function of the stresses. Finally, the Eddy Viscosity model6,7,18 is
inspired from the turbulent flows of Newtonian fluids, in which
the increase in apparent viscosity in turbulent flow is attributed to
the development of vortices. Hence the effective viscosity, is ex-
pressed as a sum of an intrinsic viscosity of the fluid, and an eddy
viscosity due to the formation of vortices. The eddy viscosity is
estimated using Prandtl’s mixing length model and is governed
by the size of vortex and their rotating frequency.
Interestingly, the Cooperative model12 was shown to success-
fully predict the flow properties of both emulsions11 and granular
materials19,20 in many geometries, even though these materials
satisfy two different local constitutive laws. This suggests that
1–8 | 1
non-local behaviours may be independent from local behaviours.
It also implies that there could exist a common mechanism gov-
erning non-locality for both emulsions and granular materials,
and possibly for other similar materials. For dense granular ma-
terials, the cooperative model is expressed in terms of a granular
fluidity variable, f , defined as the ratio of shear strain-rate to
shear stress.
f ≡ γ˙/µ (3a)
∇2 f = 1
ξ 2
( f − fl) (3b)
ξ = A d√∣µ −µ0∣ (3c)
Here fl is the local fluidity predicted by the local constitutive law
(2).
While this continuum model conveniently captures several ob-
served non-local properties of granular flows, its origins in terms
of microstructre and micro-mechanical processes remain elusive.
Interestingly, the macroscopic fluidity f has recently been shown
to be a purely kinematic variable, which can be measured in terms
of local grain velocity fluctuations and solid fraction21. The fact
that fluidity can be associated to grain kinematics leads to two
subsequent questions: (i) can its cooperativity length scale ξ be
measured from the grain kinematic? And (ii) which kinematic
process could lead to the non-local behaviour, as expressed by a
partial differential equation such as (3b)?
The purpose of this paper is to address these two questions.
In this aim, we performed a series of DEM simulations of gran-
ular flows in various geometries, and analysed the link between
their internal kinematic field and their non-local behaviour. The
paper is structured as follows. In Sections 2, we analyse the kine-
matic field of homogeneous plane shear flows in absence of walls
and stress gradients. We specifically seek to evidence the devel-
opment of transient kinematic clusters, to measure their size and
identify how it scales with the inertial number. In Section 3, we
introduce a physical argument which directly connects the exis-
tence of these clusters to a non-local continuum model similar to
(3b), providing us with a tentative answer to questions (i) and
(ii). Finally, in Section 4, we assess the ability of such a cluster-
based non-local model to capture the flow profiles in geometries
involving walls and stress gradients.
2 Plane shear flow
In order to identify what property of the microstructure could
govern the non-local length scale, we performed discrete element
simulations of dense granular flows in which the motion of each
grain, both translation and rotation, is integrated over small time
steps using a second-order predictor-corrector scheme, as in7. A
system of 10000 grains in a 2D periodic domain is subjected to
shear, prescribing both the shear rate γ˙ and the normal stress P
(see Fig. 1(a)). Grains have a polydispersity of ±20% on their di-
ameter d in order to avoid crystallisation. They interact with their
neighbours via inelastic and frictional contacts, characterised by
a Young’s modulus of E = 103P, a coefficient of restitution e = 0.5
and a coefficient of friction µg = 0.5. The advantage of the plane
shear geometry is to produce homogeneous steady flows in which
stresses and shear rate are constant throughout the shear layer
(see Fig. 1(c-d)). The use of Lees-Ewards periodic boundary con-
ditions22 prevents the introduction of walls and avoids the shear
heterogeneity they would induce7. Several steady flows of dif-
fering shear rate γ˙ were performed within the dense regime3,
covering the following range of inertial number: 5.10−4 ≤ I ≤ 10−1.
2.1 Observing kinematic clusters
Figure 2(a-d) show a snapshot of the local velocity gradients
within two flows with different inertial numbers. Local veloc-
ity gradients are quantified by the tensor F i, which is defined for
each grain i by considering its relative velocity vi, j and distance
l i, j to its Voronoi neighbours j (as shown in figure 1(b)) by em-
ploying the formula7:
F iαβ ≡ ∂vα∂xβ ∣i = ⟨l i, j⊗ l i, j⟩−1 ● ⟨l i, j⊗vi, j⟩ (4)
where ● and ⊗ represent the tensor product and outer product,
and ⟨⋅⟩ represents the average over all j neighbours of grain i. The
components Fyx and Fxy shown on figure 2(a-d) denote a rate of
shear deformation parallel and orthogonal to the flow direction
x, respectively. It appears that the shear is localised on multiple
shear bands both in the flow direction and in the transverse di-
rection. These two directions correspond to the direction of max-
imum shear stress in the flow, given that the two normal stresses
σαβ/P
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Fig. 1 Homogeneous shear of granular materials. (a) 100×100 grains
sheared within a bi-periodic domain; (b) Close up of a grain (grey) and its
Voronoi neighbours (green); (c-d) Profiles of stresses and velocity gradi-
ents for a system of frictional grains with I = 0.01 (averaged values over
γ = 50 shear deformation on strips of size 0.5d).
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Fig. 2 Multiple shear bands and clusters of jammed grains in plane
shear flows for two inertial numbers. (a-d) First two rows are snapshots
of spatial distribution of the velocity gradients along x direction and y di-
rection respectively. (e-f) Snapshots of maximum relative velocities for
each triplet of grains (see text); Partially jammed triplets are shown in
dark blue. (g) Schematic of Delaunay triangulation and computation of
relative velocities for triplet of grains. (h) A closeup of (f) showing the
local vorticity ω = 12 (Fxy −Fyx). (Movies available online).
are equal (see Fig. 1(c)). This mechanism of multiple and orthog-
onal shear banding creates a lattice of highly sheared zones23,24
delimiting the boundaries of cluster of grains subjected to little if
any shear deformation. Figure 3 illustrates this mechanism. Fig-
ure 2(h) shows that the local vorticity is nearly constant within
clusters with a value close to γ˙/2, which further confirms that
clusters rotate like rigid bodies.
2.2 Measuring cluster size
As a way to identify individual clusters and measure their size,
we developed the following method. First, triplets of neighbour-
ing grains are identified using a Delaunay triangulation. Then,
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Fig. 3 Illustration of the mode of deformation involving multiple orthog-
onal shear bands, where plastic events take place. (Top) Plane shear in-
duce shear bands in two directions; (Bottom) Example of an elementary
plastic event (T1 process); σ1 and σ2 are the major and minor principal
stresses.
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Fig. 4 Measured cluster size in plane shear flows. (a) Probability distri-
bution of the cluster size for frictional granular flows. (b) Average cluster
size for frictional granular flows at different inertial numbers. Inset: Same
data in log-log scale. The dashed line represent power law fit, `∝ d/Iα ,
which is similar to (5).
a criteria is employed to determine which triplets are jammed.
Amongst several possibilities, we used a criteria based on the
maximum relative velocity between pair of grains in the triplet
1–8 | 3
k: ∣∆vk ∣max = max(∣∆vk12∣; ∣∆vk13∣; ∣∆vk23∣) (see Fig. 2(g)). The triplet
is considered kinematically jammed if all of the three relative ve-
locities are smaller than the average relative velocity ⟨∣∆v∣⟩ be-
tween all pair of neighbouring grains in the full system. Such
partially jammed triplets are shown in dark blue in figures 2(e-
f). Finally, an aggregating algorithm is used to connect adjacent
jammed triplets into clusters. The measured size `m of a cluster
of n grains is then defined as `m = d√n.
Figure 4 shows the cluster size distribution obtained by using
the above criteria on 1000 snapshots evenly distributed over a to-
tal shear deformation of 50. Strikingly, the PDF follows a power
law with a rate-dependent exponential cutoff, implying that the
cluster sizes are not scale-free. The value of this cutoff increases
for decreasing inertial number, showing that larger clusters are
more likely to appear in systems with smaller inertial numbers.
Moreover, the average cluster size ` scales with the inertial num-
ber with a power law, as shown on figure 4(b):
`∝ d
Iα
(5)
With our frictional grains, our data suggest a power α = 0.5 as long
as the cluster size remains smaller than the system size25. This
power is consistent with other internal length scale measured in
granular flow7,26–30.
A rational for the scaling (5) can be deduced by considering
the fact that flow in the dense regime occurs primarily due to
localised plastic rearrangements. If we assume that a typical plas-
tic rearrangement, like the T1 process31 shown in figure 3, will
produce a net rearrangement comparable to the average particle
size d under an average pressure P, then such a plastic event will
produce 1 shear deformation and will last for some finite relax-
ation time tR ∝ d√ρ/P, also called the inertial time. In the dense
regime, the inertial time will be very small compared to the shear
time 1/γ˙, i.e. tR << 1/γ˙ 3,4. But the kinematics of the flow requires
1 strain to be produced in 1/γ˙ time, i.e. the shear time. This
means localised plastic events cannot occur everywhere simulta-
neously and continuously. One option is for them to occur hetero-
geneously, with some typical separation ` between simultaneous
plastic events in the two orthogonal directions. Accordingly, in
average, a sequence of `2/d2 plastic events spanning over an area
`2 can produce a net strain of 1 over that area and this would last(`2/d2)tR time. Equating this time to the shear time 1/γ˙ required
by the kinematics of the flow to produce 1 strain deformation,
leads to the following relation for the separation length:
`2
d2
tR = 1γ˙ ; ` = d√γ˙tR = d√I (6)
This separation, `, can also be interpreted as the size of the region
where plastic events are not taking place at a given time, i.e., the
region where the grains are temporarily jammed.
Most importantly, the measured scaling of the cluster size (5) is
similar to the scaling of the cooperativity length ξ(I) used in con-
tinuum models14,19,32, as in Eq. (3c), considering that µ −µ0 ∝ I
for µ > µ0. This suggests that jammed clusters could somehow be
related to the non-locality length scale.
Local shear RedistributedVelocity gradient
= +γ˙l(y)
2
γ˙l(y)
Fig. 5 Illustration of the proposed mechanism at the origin of non-
locallity. (Top) Actual shear rate profile γ˙(y) in a heterogeneous sheared
layer compared to the shear rate profile γ˙l predicted by a local constitutive
law with no account for non-local effects; A clusters of jammed particles
located at a position y+ s is represented, distributing its vorticity over its
size `. (bottom) The local velocity gradient is comprised of i) a local pure
shear strain rate ε˙ = γ˙l/2 governed by the local stresses via a local consti-
tutive law, and a contribution γ˙ω = ⟨ω(y)⟩∣`/2−`/2 coming from the vorticities
of nearby clusters.
3 Clusters and non-locality
We now seek to establish how the existence of jammed clusters
can give rise to non-local behaviours at the continuum scale. The
key consideration is that clusters move as rigid bodies, and there-
fore redistribute their vorticity over their size (see Fig. 2(h)). The
local value of the vorticity within a flow should therefore be af-
fected by the value of the vorticity in the surrounding. In the
following a non-local continuum model is derived based on this
mechanism of vorticity redistribution.
Within a homogeneously sheared layer subjected to a bulk
shear rate Fxy = γ˙l and Fyx = 0 (see Fig.1(d)), the bulk shear rate
γ˙l will depend on the state of stress and it can be back calculated
using the local constitutive law of the material, for instance the
relation (2) for granular materials3–5. This deformation can be
decomposed into a pure shear deformation, ε˙l = γ˙l/2, and pure ro-
tation represented by the vorticity, ωl = γ˙l/2: γ˙l = ε˙l +ωl . The shear
deformation is responsible for local mechanical dissipation, and
the vorticity governs the cluster rotation rate which gets spatially
redistributed. This decomposition also applies locally in a non-
homogeneously sheared layer in which the shear rate depends on
y: γ˙(y) = ε˙(y)+ω(y). We further decompose the velocity gradient
into a local shear strain deformation that is not redistributed, ε˙l ,
and a shear rate due to redistribution of vorticity, γ˙ω (see Fig. 5):
γ˙(y) = ε˙l(y)+ γ˙ω(y) (7)
In the homogeneous case, the vorticity is constant throughout all
layers and the shear rate due to redistribution of vorticity γ˙ω is
therefore equal to the vorticity ω and will contain only the ro-
tational component. By contrast, in the non-homogeneous case,
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this may not be the case and γ˙ω may contain some pure shear
component along with rotation depending on the geometry, as
illustrated in Fig 5.
When a cluster of size ` develops at some position y+ s, it re-
distributes the vorticity ω(y+ s) = γ˙(y+ s)/2 over the zone com-
prised over its size `. Given that these clusters are transient and
develop at different locations, the net shear rate at a point y
due to redistribution of vorticity is given by the average of the
vorticities of points between y ± `/2, i.e., γ˙ω(y) = ⟨ω(y)⟩∣`/2−`/2 =
1
` ∫ `/2−`/2(γ˙(y+ s)/2)ds. By contrast, jammed clusters do not redis-
tribute local pure shear, which is entirely governed by the local
stresses in the layer and is therefore the same as in the case of
homogeneous shear flow, i.e., ε˙l(y) = ε˙l(y) = γ˙l(y)/2. Substituting
these two results in (7) leads to:
2γ˙(y) = γ˙l(y)+ 1
` ∫ `/2−`/2 γ˙(y+ s)ds (8)
By using a Taylor expansion of γ˙(y+ s) with respect to s about
s = 0, the integral in (8) becomes:
1
` ∫ `/2−`/2 (γ˙(y)+ ∂ γ˙(y)∂y s+ 12 ∂ 2γ˙(y)∂y2 s2+O(∂ 3γ˙∂y3 ))ds
= γ˙(y)+ `2
24
∂ 2γ˙(y)
∂y2
+O(∂ 4γ˙
∂y4
)
Introducing the second order approximation of this expression
into (8) leads to a non-local equation governing the shear rate
γ˙(y):
γ˙(y)− γ˙b(y) = `224 ∂ 2γ˙∂y2 . (9)
This expression is similar to the non-local Cooperative model (3)
which is written in terms of fluidity f . Two different definitions
were used for the fluidity, f = γ˙/τ for emulsions11 and f = γ˙/µ
for granular materials19,20. In both cases, non-local effects arise
when flows are near the jamming transition. If we ignore the
second order gradient of the shear stress τ for emulsions and that
of shear stress ratio µ for granular materials, the formulation in
terms of fluidity then reduces to (9) and the cooperativity length
is directly given by the average cluster size:
ξ ≈ `/√24 (10)
Table 1 DEM Simulation parameters for the two geometries: Plane Shear
with Gravity (PSG) and Poiseuille flow (PF).
Symbol Geometry H/d 103Pw/E vw√ρ/Pw g√ρ/Pw/d∎ PSG 60 0.4 0.316 0.0095◻ PSG 60 0.4 0.791 0.0126▲ PSG 30 0.4 0.316 0.019△ PSG 30 0.4 0.791 0.019● PF 80 1 - 0.01○ PF 80 1 - 0.0125▼ PF 40 1 - 0.036▽ PF 40 1 - 0.024
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Fig. 6 Plane shear with Gravity (PSG). (a) H×H Plane shear with gravity
geometry where wall grains (black) have an average diameter 2d, with the
bottom wall stationary and top wall subjected to a vertical pressure Pw
and horizontal velocity vw, whereas the flowing flowing grains (blue) have
average diameter d and are subjected to a constant force of pid2ρg/4
along y axis. (b) Illustration of partially jammed clusters of grains within
the flow. (c) Shear stress ratio profile, (d) shear rate profile and (e) length
scales as a function of y where the symbols represent data from DEM
simulations with parameters given in table 1, dotted curves are prediction
of local constitutive law (2), dashed curves are solutions of cooperative
model (3) and solid curves are solutions of the cluster based model in
eqs. (9) and (11).
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Fig. 7 Poiseuille Flow (PF). (a) H×H Poiseuille flow geometry where wall
grains (black) with average diameter 2d are stationary along x axis and
subjected to a pressure Pw along y axis, whereas flowing grains (blue)
with average diameter d are subjected to a constant force of pid2ρg/4
along x axis. (b) Illustration of partially jammed clusters of grains within
the flow. (c) Shear stress ratio profile, (d) shear rate profile and (e) length
scales as a function of y where the symbols represent data from DEM
simulations with parameters given in table 1, the dotted curves are pre-
diction of local constitutive law (2), the dashed curves are solutions of
cooperative model (3) and solid curves are solutions of eqs. (9) and (11).
4 Non-homogeneous shear flow
As a way to assess the validity of the cluster-based non-local
model (9), let us now consider a series of granular flow DEM
simulations in a plane shear with gravity and Poiseuille flow ge-
ometries* (see Fig. 6(a) and Fig. 7(a)). Both of these geome-
tries involves a shear stress ratio gradients (see Fig. 6(c) and
Fig. 7(c)), and the presence of walls, which both induce non-
local effects7,19. The symbols in Fig. 6(d) and Fig. 7(d) show
the measured profiles of inertial number for various simulation
configurations listed in Table 1.
Firstly, we implemented the prediction of the local constitutive
law (2) with µ0 = 0.26 and b = 1.1. The value of these parameters
were inferred from our plane shear simulations and are consis-
tent with the previousely reported results4,14,19,33. Fig. 6(d) and
Fig. 7(d) confirms that the prediction of the local constitutive law
(dotted curves) do not fully capture the inertial number profiles,
especially in the layers with shear stress ratio below the yield (i.e.
µ < µ0).
Secondly, we implemented the Cooperative model as per (3)
by solving the PDE using a finite difference solver (bvp5c in MAT-
LAB) and using Neumann boundary conditions at both ends, set-
ting the gradient of fluidity to be null in these two locations, as
in19,33. Following the literature33, we used the constant A = 0.41
to compute the cooperativity length ξ from the stresses, as per Eq.
(3c). Fig. 6(d) and Fig. 7(d) show the prediction of this model
(dashed line), which appears to satisfactorily capture the inertial
number profile.
Finally, we implemented the cluster-based non-local model ex-
pressed in Eq. 9, using the same parameter for the local consti-
tutive law as above. To define the cluster size, `, we used the
scaling (5) with α = 0.5 evidenced with plane shear flows. To be
consistent with the vision that the length ` represents a cluster
size, we truncated its values near walls, and near zones in the
flow where the shear stress ratio changes sign. The full definition
of the cluster length thus becomes:
`(y) = min⎛⎝ d√∣I(y)∣ , ∣y−yw∣⎞⎠ (11)
where, yw is the position of the nearest wall or layer of change
in sign of the shear stress ratio µ. We solve the model defined
by Eqs. (9) and (11) using an implicit finite difference scheme
(bvp5c in MATLAB). To be consistent with the boundary condi-
tions used for the Cooperative model, a null gradient in shear
rate was prescribed at the boundary. Results showed on Fig. 6(d)
and Fig. 7(d) shows that this model captures the measured iner-
tial profiles with some discrepancies. The level of discrepancies
of this model and of the cooperative model appears to be similar
in magnitude.
Remarkably, while both models lead to similar results in these
flow geometries, the profiles of length scale they involved is sig-
nificantly different. In particular, the cooperative length scale di-
verges at the location where µ = µ0, while the the cluster size
defined by (11) always remains smaller than the system size and
the nearest distance to a boundary. The fact that the two models
* All reported simulation data are recorded once the flow reaches the steady state. The
total recording time is set such that the slowest shearing layer reported undergoes
at least 5 shear deformations.
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provides similar results with such different length scales indicate
their low sensitivity to the profile of this parameter.
Furthermore, figure (8) shows the average cluster size ⟨`⟩ =
1
H ∫ Hy=0 `(y)dy and average cooperativity length ⟨ξ ⟩ = 1H ∫ Hy=0 ξ(y)dy
across plane shear and Poiseuille flows. In spite of there differ-
ence in profiles, the average cluster size and cooperativity length
appear to be similar. This suggests that the two non-local models
may be more sensitive to the spatial average of their length scale
than to their length scale profile.
5 Conclusions
The key result of this paper is that a non-local continuum model
(9) can be derived from a purely kinematic argument, considering
the existence of jammed clusters in the flow and the way they
spatially redistribute the vorticity. This derivation indicates that
the presence of jammed clusters in the flows can lead to non-local
behaviours at the continuum scale. Clusters were evidenced here
for frictional dense granular flows, and there average size was
found to follow a power law with the inertial number represented
by equation (5).
More generally, correlated motion of particles34–36, and
avalanche-like rearrangements have been observed in various
glassy materials like sand37, granular materials38–40, cohesive
grains41, foams42, suspensions11,43, colloids44,45, and Lennard-
Jones glass27,46. These observations suggest that clusters of par-
ticles may exist in many glassy materials. Our derivation indicates
that non-local behaviours should then be expected. Furthermore,
the link made here between clusters and non-locality creates a
promising opportunity to better interpret, analyse and unify the
non-local behaviours of glassy materials through a thorough char-
acterisation of cluster size and formation mechanisms for specific
materials and flow configurations.
The cluster-based non-local model we derived from the local
kinematics is defined by Eqs. (9) and (11). It only marginally
differs from the Cooperative non-local model in that it does not
involve a shear stress or shear to normal stress ratio in the defini-
tion of fluidity. With the flow geometries we have considered, we
found that this difference did not lead to significant discrepancies
between the models, which were both matching relatively well
the measured flow profiles. Nonetheless, it is possible that other
geometries could reveal some more noticeable discrepancies.
In this work, we have investigated the non-local behaviours by
deliberately focusing on micro-kinematic process based on quan-
tifiable cluster sizes. The fact that this kinematic description
could be established does not rule out an alternative interpre-
tation of non-locality in terms of contact forces, length of force
chains and diffusion of stress fluctuations through the contact
network. While a non-local description based on a quantifiable
micro-dynamical process would certainly complement our under-
standing of non-locality, such a description is yet to be estab-
lished.
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CHAPTER 5
Shear-induced diffusion in nonlocal granular flows
Chapter 3 revealed the enhanced diffusion behaviours of dense granular flows in the homo-
geneous shear flow geometry and connected this to the existence of granular vortices. On the
other hand, chapter 4 studied non-homogeneous shear flow geometries and connected the
existence of granular vortices to the nonlocal flow behaviours. Nonlocal effects are known
to induce creep flow at layers with shear stresses below the yield stress. So, pertaining to
the diffusion property, a subsequent question remains: are the self-diffusion behaviours in
nonlocal flow geometries similar to those in homogeneous shear flows?
The following paper explores the self-diffusion property in the nonlocal flow geometries,
namely plane shear with gravity and Poiseuille flow geometries, both of which involve non-
homogeneous shear flows. Within sub-yield layers where µ < µ0, the grains show caged
dynamics before transitioning to normal diffusive behaviour. We quantify this behaviour in
terms of a caging time found to be inversely proportional to the shear rate γ˙, but independent
of the velocity fluctuations in the sub-yield layers. The creep flow in the sub-yield layers is
characterised with an explicit scaling, which allows us to predict the shear rate and diffusivity
with the sole knowledge of stress condition and position.
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Rognon. The paper is published in arXiv.
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Abstract – We investigate the properties of self-diffusion in heterogeneous dense granular flows
involving a gradient of stress and inertial number. The study is based on simulated plane shear
with gravity and Poiseuille flows, in which non-local effects induce some creep flow in zones where
stresses are below the yield. Results show that shear-induced diffusion is qualitatively different
in zones above and below the yield. Below the yield, diffusivity is no longer governed by velocity
fluctuations, and we evidenced a direct scaling between diffusivity and local shear rate. This is
interpreted by analysing the grain trajectories, which exhibit a caging dynamics developing in
zones below the yield. We finally introduce an explicit scaling for the profile of local inertial
number in these zones, which leads to a straightforward expression of the diffusivity as a function
of the stress and position in non-local flows.
Introduction. – Shearing dense granular flows in-
duces diffusion of grains. This mechanism of shear-
induced diffusion underpins the rate of mixing [1], heat
transfer [2] and segregation [3] in a variety of natural and
industrial granular flows. It is usually modelled by a co-
efficient of self-diffusion, also called diffusivity D [m2/s].
In homogeneous shear flows, in which there is no gradi-
ent of shear rate, three relationships have been established
from which diffusivity can be predicted:
D ∝ δvd (1)
δv
γ˙d
∝ I− 12 ; I = γ˙ti ti = d√ρ/σ (2)
bI = µ − µs for µ > µs; I = 0 otherwise. (3)
The first scaling relates the diffusivity to the velocity
fluctuations δv and grain size d [4–6]. It is consistent with
a typical grain trajectory following a random walk of step
d and frequency δv/d. The second scaling relates the veloc-
ity fluctuations to the inertial number I, itself comparing
the shear rate γ˙ to an inertial time ti involving the normal
stress σ in the flow, and the grain size d and density ρ. It
is consistent with the development of clusters of jammed
grains of size `/d ∝ I− 12 [7–9]. At relatively high inertial
numbers (I ≳ 0.01), this length scale reaches a minimum
of ` = d and the velocity fluctuations are given by δv ∝ dγ˙.
Accordingly, the diffusivity can be expressed as:
D ∝ ⎧⎪⎪⎨⎪⎪⎩d
2γ˙, for I ≳ 0.01
d2γ˙ 1√
I
, otherwise
(4)
The scaling (3) is a local constitutive law that relates
the inertial number to the level of stresses within the flow.
µ is the ratio of shear to normal stress, µs a yield criteria
and b a numerical constant [7,10,11]. Like Bingham fluids,
this law indicates that there should be no flow (γ˙ = 0) if the
shear stress is lower than a threshold, τ < µsσ. According
to (1) and (2), there should then be no diffusion.
However, most granular flows are not homogeneously
sheared, owing to some gradient of stresses. Then, non-
local effects arise that cannot be captured by the local
constitutive law alone. For instance, a flowing layer can
induce some flow in a nearby layer where the stresses are
below the yield (µ < µ0) [12–14]. We refer to such lay-
ers as sub-yield layers. A number of non-local models
have been introduced to capture the profiles of inertial
number in heterogeneous granular flows, including in sub-
yield layers [15–22]. In contrast, little is known about the
shear-induced diffusion in these layers. Specifically, there
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Table 1: parameters of the simulated flows: Plane Shear (PS)
from [9], the Plane Shear with Gravity (PSG) and Poiseuille
flow (PF), and corresponding symbols used in Figs. 1 and 3
to 5. Filled symbols correspond to layers above the yield
(µ(y) > µ0) and open symbols correspond to sub-yield layers
(µ(y) < µ0).
Symbol Geometry H/d 103 Pw
E
vw
√
ρ
Pw
g
d
√
ρ
Pw
+× PS 120 1 - 0∎,◻ PSG 60 0.4 0.316 0.0095◁,◂ PSG 60 0.4 0.791 0.0126▲,△ PSG 30 0.4 0.316 0.019▷,▸ PSG 30 0.4 0.791 0.019●,○ PF 80 1 - 0.01⧫,◊ PF 80 1 - 0.0125▼,▽ PF 40 1 - 0.036
is no evidence confirming or challenging the validity of the
scalings (1) and (2) in sub-yield layers.
The purpose of this Letter is to assess the validity of
the diffusivity and velocity fluctuation scalings (1) and
(2) in heterogeneous granular flows, with a special focus
on sub-yield layers. In this aim, we have simulated a series
of steady and heterogeneous granular flows in which non-
local effects arise, and measured velocity fluctuations and
diffusivity in different parts of the flows.
Simulated flows. – We use a Discrete Element
Method to simulate dense granular flows in three geome-
tries: plane shear (PS), plane shear with gravity (PSG),
and Poiseuille flows (PF). These geometries are illustrated
on figure 1 and detailed below.
All tests involve grains that are 2D disks of average
diameter d, mass m and density ρ. They interact by elas-
tic, frictional and dissipative contacts characterised by a
Young’s modulus E, a coefficient of friction µg = 0.5 and
a coefficient of restitution e = 0.5 for normal impact. A
uniform polydispersity of ±20% is introduced on the grain
diameter to prevent crystallisation during shear. There is
no contact adhesion and no fluid in the pore space. The
value of these contact parameters only marginally influ-
ence the flow properties, as discussed in [7, 8].
Plane shear with no gravity presents the advantage of
producing homogeneous stresses and shear rate through-
out the system. Bi-periodic boundary conditions are used
to avoid walls and the shear heterogeneities they induce
[22]. A series of steady flows were performed prescribing
a constant normal stress P = 10−3E and different values
of shear rate γ˙. These simulations enabled us to mea-
sure the local constitutive law µ(I) of the materials by
averaging the shear to normal stress ratio and the inertial
number spatially in the entire flow, and temporally over
25 shear deformations. The measured values of µ versus I
are shown in Fig. 1 (b). They are best fitted with the local
constitutive law (3) using µ0 = 0.26 and b = 1.1, which is
consistent with previously reported values [7]. It is worth
Fig. 1: Granular flows in different geometries. (a) schematic of
plane shear without gravity (PS). (b) Local constitutive law:
(symbols) shear stress ratio measured in plane shear flows at
different prescribed inertial numbers; (dashed lines) best fit us-
ing eq. (3) (µ0 = 0.26 and b = 1.1). (c) Schematic of plane shear
with gravity (PSG) including a velocity profile. (d) Profile of
inertial number measured in the PSG (symbols, see Table 1)
and prediction of the local constitutive law (dashed line). (e)
Schematic of Poiseuille Flows (PF) with imposed lateral pres-
sure, including a velocity profile. (f) Profile of inertial number
measured in a PF (symbols) and the prediction of local consti-
tutive law. In (c-f), blue regions are above the yield condition
while grey regions are below the yield condition. In (d,f), the
parameters of the flows are given in table 1.
noting that flow occurs only if µ > µ0 in this geometry.
Unlike homogeneous plane shear flows, PSG and
PF involve some stress gradient that leads to a non-
homogeneous shear and a spatial variation of the inertial
number in one direction.
PSG is simulated in a periodic domain along x axis,
while parallel walls bound the system in the y direction
(see Figure 1c). Walls are made of aligned contacting
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Fig. 2: Mean squared displacements ∆2(t, y) measured at dif-
ferent position y in heterogeneous flows using Eq. (5). (a)
Homogeneous shear flow with H/d = 120 at various iner-
tial number from [9], (b) PSG with H/d = 30, Pw/E = 400,
vw
√
ρ/Pw = 0.316 , g/d√ρ/Pw = 0.019. (c) PF with H/d = 40,
Pw/E = 1000, g/d√ρ/Pw = 0.036. (d) Combined data from
(b) and (c), normalising the time by shear rate time scale
γ˙−1. In graphs (b-d), the colour scheme represents the level
of stress µ(y) in the layer where the MSD is measured. Green
to blue colours represent layers above the yield (µ(y) > µ0),
while grey shades represent layers below the yield (µ(y) < µ0)
where the local constitutive law predicts no flow, implying no
shear-induce diffusion.
grains with average diameter 2d, which effectively pre-
vents wall slip [18]. Wall grains do not rotate and move as
a rigid body. The top wall can translate in both directions
to prescribe a shear velocity vw. It is also subjected to a
vertical external normal stress Pw. The vertical wall mo-
tion is governed by an inertial dynamics. Its acceleration
y¨ is given at any time during the flow as My¨ = Ld(Pi−Pw)
where L is the length of the wall, M the total mass of the
wall grains, and Pi the internal normal vertical stress due
to contacts between wall and flowing grains. In steady
states, the wall vertical position is nearly constant, with
some fluctuations smaller than d. The bottom wall is im-
mobile. Flowing grains are subjected to gravity g and
the corresponding body force fb = pid3ρg/4 in the direc-
tion transverse to the shear. This produces a gradient of
normal stress in the y direction, while the shear stress is
constant. The stress ratio µ is thus maximum at the top
and minimum at the bottom, and it is possible to tune the
external normal stress Pw and shear velocity vw in such a
way that the flow is comprised of a top layer that is above
the yield (µ(y) > µ0) and a bottom layer that is below
the yield (µ(y) < µ0). The local constitutive law predicts
that there should be no flow in this layer, and therefore
no diffusion. However, figure 1 (d) shows that the inertial
number is in fact not null in this layer, owing to non-local
effects. This suggests that there may be some diffusion in
this layer.
PF is also simulated in a periodic domain in the flow
direction and between two parallel walls. Unlike PSG,
walls do not move in the flow direction and produce no
shear. Both walls are subjected to an external normal
stress Pw and are free to move in the y direction according
to an inertial dynamic similar to that used in PSG. A body
force fb is applied on flowing grains, but this time in the
flow direction x. This leads to a gradient of shear stress
in the y direction, while the normal stress is constant. As
a result, the stress ratio is maximum near the walls and
minimum at the centre. The body force and the applied
pressure can be tuned in such a way that a middle layer
develops that is below the yield (µ(y) < µ0), while the
two layers near the walls are above the yield (µ(y) > µ0).
Like PSG, figure 1 (f) shows that non-locallity induces
some flow in the central zone while it is below the yield,
suggesting possible diffusion.
Caging in sub-yield layers. – To highlight the dif-
fusive behaviour in these flows, we measured the typical
grain trajectory characterised by their mean square dis-
placement. We took advantage of the time invariance of
the steady flow and of their spatial homogeneity (at least
in one direction), to measure an averaged mean square
displacement defined as:
∆2(t) = 1
MN
N∑
i=1
M∑
j=1 (yi(tj) − yi(tj + t))2 , (5)
where t is a time interval, tj a reference time and yi the y
position of grain i at a given time. Averaging is performed
considering a series of M = 100 reference times selected at
random during steady flows. It is also performed on N
grains. In homogeneous plane shear flows, all grains can
be included in this average, leading to a single MSD for
one given flow. In contrast, it is expected that the MSD
might depend on the initial position of the grains y(ti) in
heterogeneous flows. MSDs ∆2(t, y) are then measured at
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different position y by averaging on grains located within
strips of width d centred at y.
Figure 2 shows examples of MSD evolutions at dif-
ferent layers within flows in the PS, PSG and PF ge-
ometries. It appears that these MSDs first exhibit a
power law ∆2(y, t) ∝ t2 at short time scales. This de-
notes a super-diffusive behaviour, reflecting a ballistic (or
constant speed) grain trajectory, as observed in [9, 23].
In contrast, MSDs exhibit a normal-diffusive behaviour
∆2(y, t) ∝ t at long time scales. A coefficient of self-
diffusion D can be measured in this regime using the Ein-
stein formula [24]:
∆2(y, t) = 2Dt (6)
Figure 2 indicates that this normal-diffusive behaviour de-
velops after a period of time proportional to the shear time
γ˙−1. Seemingly, normal diffusive behaviour arises after a
approximately a tenth of shear deformation (tγ˙ ≳ 0.1) in
all layers and in all flow geometries. Then, the value of
mean square displacement is also similar in all cases, ap-
proximately ∆2 ≈ 10−2d2, which corresponds to a typical
grain displacement of 10−1d.
Most importantly, MSDs exhibit two qualitatively dif-
ferent behaviour in layers above and below the yield.
Above the yield, the super-diffusive regime is directly fol-
lowed by the normal-diffusive regime. In contrast, below
the yield, a sub-diffusive regime develops after the super
diffusive phase. This sub-diffusive phase is characterised
by a plateauing of the MSD, which denotes a caged tra-
jectory of the grains [25,26].
This caging dynamics only develops is sub-yield layers.
In particular, it does not develop in homogeneous plane
shear, even at low inertial numbers. As a consequence,
this caging appears to be a distinguishing feature of the
grains trajectories in sub-yield layers.
Diffusivity and velocity fluctuations scaling. –
As a way to assess the validity of the scalings (1) and
(2) in heterogeneous flows, we have measured the profiles
of diffusivities D(y) and velocity fluctuations δv(y) within
flows in the PSG and PF geometries. Figure 3 shows how
these quantities scale with one another, and with the lo-
cal inertial time ti(y) and shear rate γ˙(y). These results
point out the following three observations.
The first observation is that the scaling (1) of the diffu-
sivity with the velocity fluctuation is not valid everywhere
in heterogeneous flows. This is evidenced on figure 3a.
This scaling is valid for layers with the highest velocity
fluctuations where results indicate Dtid
2 ≈ 0.1vti/d, which
is equivalent to D ≈ 0.1δvd. These layers correspond to the
zone of the flow above the yield. In contrast, there is a
neat breakdown of this scaling in sub-yield layers.
The second observation is that the velocity fluctuation
scaling (2) is not valid everywhere in heterogeneous flows.
This is evidenced on figure 3b, which suggests two limits.
At high inertial numbers, data seemingly converge toward
the scaling δvti/d ∝ I, or δv ∝ dγ˙, which is similar to
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Fig. 3: Diffusivity and velocity fluctuation scalings in hetero-
geneous flows. Each symbols represent quantities measured in
a given flow at a given position y. Symbol code is given in
Table 1. Filled symbols correspond to layers above the yield
(µ(y) > µ0) and open symbols correspond to sub-yield layers
(µ(y) < µ0).
that measured in homogeneous shear flows in this range
of inertial numbers. In layers with low inertial numbers,
which are sub-yield layers, results suggest that the veloc-
ity fluctuations become independent of the shear rate and
controlled by the inertial time:
δv ∝ d/ti. (7)
This scaling differs from one measured in homogenous
shear flow in this range of inertial number. It indicates
that velocity fluctuations do not vanish in sub-yield lay-
ers even when the shear rate tends to zero. They would
vanish in homogeneous plane shear, according to (2).
The third observation is that there is a simple scaling
between the diffusivity and the local shear rate in all layers
of all tested PSG and PF flows. This scaling, evidenced
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on figure 3c, is:
D ≈ 0.1d2γ˙ (8)
It differs from the diffusivity scaling measured in homoge-
nous plane shear flows in this range of inertial numbers,
which is D ∝ d2γ˙/√I.
Two conclusions can be drawn from these scalings and
from the MSD evolutions. The first conclusion is practi-
cal: one can directly deduce the profile of diffusivity in
a heterogenous granular flow from the shear rate profile,
according to (8).
The second conclusion concerns the physical process
controlling the diffusivity. In homogeneous shear, grain
velocity fluctuations is controlling their diffusion. The un-
derlying mechanisms is a random walk with a step size
proportional to d and a frequency proportional to δv/d.
In sub-yield layers, the diffusivity is controlled by a dif-
ferent mechanisms. Grains still undergo a random walk
of step size proportional to d, as evidenced by the MSD.
However, the elementary step of this walk is comprised of
a fast inertial displacement of typical velocity δv = d/ti
lasting a period of time proportional to ti, and of a sub-
sequent caging phase. In average, grains are uncaged at a
frequency driven by the local shear rate γ˙(y), so that the
caging last approximately γ˙−1 − ti. As a consequence, the
intensity of the velocity fluctuations are no longer influ-
encing the diffusivity in sub-yield layers.
Inertial number scaling across the yield. – We
now seek to identify a formula that explicits the profiles
of shear rate γ˙ that are driving the diffusivity, as per Eq.
(8). The aim is to express the shear rate profile in terms
of local stresses and position in the flow to ultimately infer
the diffusivity profiles from these parameters.
A possible approach to predict the shear rate profiles
is to combine the local constitutive law (3) with a non-
local model [17–19]. However, existing non-local models
are expressed in the form of a PDE and their predictions
rely on a choice of boundary conditions, which does not
always have a clearly established rationale.
We follow here an alternative approach that has been
recently proposed for amorphous solids, referred to as scal-
ing description [27–29]. These materials satisfy a Hershel-
Buckley local constitutive law: they yield above a shear
stress threshold (τ > τ0), and then start to flow with a
shear rate γ˙ ∝ (τ − τ0)β , where τ0 and β are material de-
pendent parameters. Interestingly, amorphous solids also
exhibit non-local effects that are similar to those in gran-
ular flows: some flow may exist in a zone below the yield
near if an adjacent zone that is flowing. The scaling de-
scription of such non-local effects consists in establishing
a scaling for the local shear rate in terms of the distance
to the yield, as follows [27,29]:
γ˙(y) = ∣τ − τ0∣βF±(∣τ − τ0∣ν ∣y − y0∣) (9)
where y is the position of layer, y0 is the position of the
layer in the flow where τ(y0) = τ0, and ν is some exponent.
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Fig. 4: Scaling description for dense granular flow. (a) shear
stress ratio as a function of inertial number. (b) distance to
yield ∣y − y0∣ as a function of inertial number. (c) rescaling of
the data from (a) and (b) according to Eq. (10) with β = 1
and ν = 1. All symbols represent measurements from DEM
simulations with parameters shown in Table 1. In (c) the solid
curve represents (11) with A = 0.002 and B = 0.03.
F+ and F− are referred to as scaling functions, which cor-
respond to layers above (τ > τ0) and below (τ < τ0) the
yield, respectively.
We seek to adapt here this approach to granular flows by
considering the relevant frictional yield criteria and non-
dimensional shear rate I, as:
I(y) = ∣µ − µ0∣βF±(∣µ − µ0∣ν ∣y − y0∣/d) (10)
Figure 4 shows that this scaling does capture the measure-
ments in our simulated PSG and PF granular flows using
β = 1 and ν = 1: data collapse on two curves, one for lay-
ers below the yield and one for the layers above the yield.
Above the yield, F−+ becomes seemingly constant and of
the order of 1, indicating that non-local effects may be
neglected in these layers. Below the yield, data suggests a
transition from a power −0.5 to a power −2 for the func-
tion F−(x). We introduce the following interpolation to
capture these two regimes and their transition:
F−(x) = A
x2 +B√x (11)
x = ∣µ − µ0∣∣y − y0∣/d (12)
where A and B are the two fitting parameters. Fig. 4
shows that this function satisfactorily captures the mea-
surements with A = 2 × 10−3 and B = 0.03. Interestingly,
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Fig. 5: Prediction of inertial number and diffusivity in sub-yield
layers of PSG and PF flows, using stress condition ∣µ−µ0∣ and
position ∣y − y0∣. Here, β = 1, ν = 1, and coefficients of (11) are
A = 0.002 and B = 0.03. F− is defined in (11).
x may be seen as a distance to the yield that includes
a stress-wise distance ∣µ − µ0∣ and an Euclidian distance∣y−y0∣/d. Far from the yield, for x≫ 1, the function F−(x)
tends to F−(x) = Ax−2. Considering (10), the profile of in-
ertial number is then given by:
I(y) ≈ A∣µ − µ0∣ d2∣y − y0∣2 (13)
Figure 5 shows how the profile of inertial number and the
profile of diffusivity can be captured using the scaling pre-
diction for the inertial number (10) and (8), in all layers
of the heterogeneous flows.
We note that the scaling (13) is consistent with the self-
activated mechanism underlying the non-local model in-
troduced in [17]. This mechanism considers that plastic
events may be triggered in sub-yield layers by stress fluc-
tuations originating from remote flowing layers. In this
model, it is though that stress fluctuation decays as dis-
tance to the power −2 from their origin. This is consistent
with the scaling I(y) ∝ d2∣y−y0∣2 . Further still, it is though
that the magnitude of theses stress fluctuations required
to uncaged a grain is proportional to ∣µ − µ0∣, which is
consistent with the scaling I(y)∝ 1∣µ−µ0∣ .
Conclusions. – This study points out that shear-
induced diffusion is qualitatively different in granular lay-
ers flowing below and above the yield.
Above the yield, diffusivity is proportional to the ve-
locity fluctuations, which themselves are a driven by the
shear rate and possibly by the inertial number, as per
(1) and (4). In contrast, diffusivity in sub-yield layers is
not controlled by velocity fluctuations, and velocity fluc-
tuations become shear-rate independent and controlled by
the inertial time.
Our results indicate that, below the yield, diffusivity
is directly proportional to the local shear rate, as per (8).
This shear rate profile may be deduced from non-local con-
tinuum models, or by the scaling approach we introduced,
which led to (13). These scalings can readily be used to
resolve diffusion processes in non-local granular flows.
Our results also point out the emergence of a caging
dynamics in sub-yield layers. This suggests that such a
caging dynamics could be used as an indicator of whether
a sheared layer is below or above the yield. This could be
used to measure the yield stress µ0 directly from non-local
flows when this quantity is not known a priori.
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CHAPTER 6
Conclusion
This thesis comprised of three published papers that revealed the role of internal kinematics
and dynamics on the overall self-diffusion and nonlocal rheology of granular materials. To
this end, discrete element simulations of dense granular flows were performed allowing us to
characterise the micro mechanics at the grain level.
The first paper revealed the effect of granular vortices on the self-diffusion of grains in plane
shear flow configuration. The size of granular vortices were found to increase with the
decrease of shear rate. The increase of the vortex size ultimately enhanced the self-diffusion
of grains in the dense regime, which becomes more acute for systems with larger widths
(H & 100d). This enhanced diffusion was captured by introducing a scaling law in terms of
the granular vortex size, which is important in predicting the mixing, heat transfer, rheology
and segregation of granular materials in geometries involving large widths. The scaling laws
introduced could be readily used in continuum modelling of such behaviours. The enhanced
diffusivity in wide shear-zones can eventually enhance heat transfer as well as segregation
behaviours.
The second paper rationalised the rate-dependent nature of the average vortex size in plane
shear flow by using kinematic compatibility for the flow to occur via finite plastic rearrange-
ments. The vortices were found to generate via a mechanism of multiple orthogonal shear
banding. The paper then revealed the effect of granular vortices in nonlocal flow configura-
tions, specifically the plane shear with gravity and Poiseuille flow configurations. A nonlocal
constitutive law was derived based on a kinematic argument for the existence of the granular
vortices in the non-homogeneous shear flow. This suggests similar nonlocal behaviour should
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be expected in other glassy materials that involve correlated structures while flowing, like
forms, pastes and emulsions.
The final paper explored the self-diffusion behaviour of the dense granular flows in the
nonlocal flow configurations where at locations with stresses below the yield stress show
creeping flow behaviours. The grain trajectories in these locations show caging behaviour
which is reminiscent of the fluctuations observed in systems near the jamming and glass
transitions. Inspired by the recent development in the nonlocal flow of amorphous solids, an
explicit scaling for the shear rate and diffusivity in terms of the stress condition and distance to
yield was derived. This scaling can be readily used to predict the flow behaviours in creeping
layers or other continuum modelling efforts. The emergence of caging dynamics in layers
below yield suggests that caging dynamics could be used as an indicator for determining yield
stress, directly from nonlocal flows when the yield stress is not known.
6.1 Future outlooks
An important result of this work was to relate the micro-mechanisms, specifically the correl-
ated motions of the grains, to the overall transport properties, specifically the self-diffusion
and nonlocal rheology. Correlated motion of particles has been observed in flows of other
glassy materials like foams, paste and emulsions. The findings of this work suggest that en-
hanced diffusion and nonlocal rheology should also be expected in these materials. Exploring
these properties and developing a unified framework for describing the flow properties of all
of these material would be a potential avenue for future research.
Chapters 3 and 4 introduced clustering algorithms to measure the size of granular vortices in
2D granular flows. Since this method is based on relative velocities between the grains, it can
be extended to 3D flow geometries as well. In the 3D, the granular vortices can be anisotropic.
It would be interesting to explore the nature of these 3D granular vortices, and how they affect
the flow properties. Can we apply the same algorithms to other granular materials including
cohesive or suspensions?
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The constitutive law derived in chapter 4 involved vorticity and was also derived for 2D
coordinate systems. A tensorial version of the derivation that involves the tensorial vortex
could be the next step in further taking the findings of this work. The derivation was
deliberately focused on micro-kinematic process based on quantifiable cluster sizes and
vorticity, which can be frame dependent. As its counterpart, an alternative dynamic approach
in terms of contact forces, length of force chains and diffusion of stress fluctuations through
the contact network could also rationalise the nonlocal behaviours. Finding of such a dynamic
microscopic description would certainly complement this work.
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